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Abstract. We characterize all the real numbers a, b, c and 1 < p, g, r < oo 
such that the weighted Sobolev space W { ( ^'^(R JV \{0}) := {u G L} oc (R N \{0}) : 

|x|fli e L q (R N ), \x\p Vu G (L P (R N )) N } is continuously embedded into 
L r (R N ; \x\ c dx):= {u G L ; 1 oc (M JV \{0}) : \x\fu G L r (R N )}, with norm || ■ || c , r . 

Except when N > 2 and a = c = b~p = —N, it turns out that this embed- 
ding is equivalent to the multiplicative inequality |u[| c ,r < C\ \ Wu\ |^ | |m| \a~ q 
for some suitable G [0,1], often but not always unique. If a,b,c > — N, 
then Cg°(R N ) C W^ } (R N \{0}) n L r (K JV ; |x| c dx) and such inequalities for 
u G Cq°(R n ) are the well-known Caffarelli-Kohn-Nirenberg inequalities, but 
their generalization to (M JV \{0}) cannot be proved by a denseness ar- 

gument. Without assuming a,b,c > —N, the inequalities are essentially new 
even when u G Cg° (R N \{0}), although a few special cases are known, most 
notably the Hardy-type inequalities when p = q. 

In a different direction, the embedding theorem easily yields a generaliza- 
tion when the weights \x\ a , \x\ b and \x\ c are replaced by more general weights 
io a ,(«j and w c , respectively, having multiple power-like singularities at finite 
distance and at infinity. 

1. Introduction 

If d G K and 1 < s < oo, let || • \\d, s denote the norm of the space L S (R N ; \x\ d dx), 
where the Ix^dx -measure of {0} is defined to be (which must be specified if d < 
-N). With this definition, u e L S (R N ; \x\ d dx) if and only if \x\iu € L S (R N ) and 
IMU,s = || |^|~w|| s , where || • || s :— | • ||q jS . Throughout the paper, R^ := R N \{0}. 

Given a, b e R and 1 < p 7 q < oo, consider the weighted Sobolev space 

(1.1) W$f 

{u e Ll c (M?) : u e L q (R N ; \x\ a dx), Vu G (L P (R N : \x\ b dx)) N }, 
equipped with the norm 

(1-2) IMk<i + l|Vu||6,p. 
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Since W^tf^ (M*) ma y con tain functions which are not locally integrable near 
and hence not distributions on 1 N , it is generally larger than the space Wj^f (J& N ) 
(self-explanatory notation) which, incidentally, is not always complete. 

In this paper, we characterize all the real numbers a, b, c and 1 < p,q,r < oo 
such that 

W$f&?)^L r Vl N -,\x\°dx), 
where "^-J>" denotes continuous embedding. This provides sufficient conditions for 
W}^ 9 b f\R N ) ^ L r (R N ; \x\ c dx), but their necessity is not investigated. 

In spite of the large literature devoted to embeddings of weighted Sobolev spaces, 
there seems to be little that addresses and resolves the exact same question in special 
cases. While most results allow for weights satisfying general properties, they also 
incorporate a number of restrictive hypotheses which are rarely necessary. Only a 
few are applicable to the whole -or punctured- space and even fewer accommodate 
weights which, like all nontrivial power weights, exhibit singularities at and infinity 
simultaneously. This is especially true when more than one weight (here, a ^ b) or 
more than one order of integration (i.e., p ^ q) is involved in the source space. In 
addition, the weighted spaces arc often defined to be the unknown closure of some 
subspace of smooth (enough) functions, as indeed the denseness issue is a notorious 
difficulty ([30 ). In particular, this is the definition chosen in [17] (see also the more 
recent and expanded book [18), except in the unweighted case. 

Before continuing this discussion, we shall state the embedding theorem. In 
addition to the standard notation 

Nv 

p* = oo if p > N and p* = — if 1 < p < N, 

N — p 

we denote by c° and c 1 the two points 

(1.3) C Q..= ±±^1-N and c * := ^ = P + N) - N, 

q p 

where it is understood that a,b,p,q and r are given. The points c° and c 1 are 
distinct if and only if 2+K =A b ~P+ N m jf so anc [ jf c [ s m fog c l ose d interval with 

endpoints c° and c 1 , we set 

c-r° 

(1-4) dc := o, 

so that 9 C S [0, 1] and that 

(i.5) c = e c c 1 + (i-e c )c°. 

Observe that 9 c a = and 9 c i = 1 and that, by (fO]) . (|L4)) and (fT5|) . 

, , c + N b-p + N , ,a + N 

1.6 =9c + (l-9 c ) . 

r p q 

Theorem 1.1. Let a,b,c £ K and 1 < p,q,r < oo be given (1 < p < oo and 
< q,r < oo if N = 1). Then, W^ iq b f (Mf) ^ L r (R N ; \x\ c dx) (and hence 

W}£ 9 b f ^Mf ) ^ Wh^ffM*) ) if and only if r < max{p*, q} and one of the follow- 
ing condition^ holds: 

(i) a and b — p are on the same side of ~N (including —N), a+N =/= b-p+N ^ c ^ 



^The overlap between conditions (iii), (iv) and (v) makes for a simpler and clearer statement. 
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in the open interval with endpoints c° and c 1 and @c(h ~ — q' 

(ii) a and b — p are strictly on opposite sides of —N (hence a+ ^ N ^ b ~ p ^~ N ), C is in 

the open interval with endpoints c° and —N and &c (j; ~ j? ~ — r ~ §■ 
(Hi) r = q and c = a (= c°). 

(iv) p < r < p* ,a < —N and b — p < —N or a > —N and b — p > —N, c = c . 

(v) (ma,x{p*,q} >)r> min{p, q}, = b -£±E. ^ and c = c 1 (= c° ). 

(vi) a= -N, b=p-N,q<r<p* and c — c 1 (= c° = -N ). 

Since r is finite, r = p* is impossible when p > N. The set of admissible values 
of c is an interval (possibly 0, see Remark II .![) . of which c , c 1 and —N may or may 
not be endpoints, but never interior points. When c° or c 1 are endpoints, their 
admissibility is decided by parts (hi) to (vi). Endpoints other than c , c 1 or — N 
are always admissible, but — N is never admissible when a ^ — N. If a = — N, then 
— N is admissible only in the trivial case (hi) and the exceptional case (vi). 

Apparently, aside from the trivial part (hi) , only parts (v) and (vi) of Theorem 
11.11 when q — p (hence a = b — p) are known with nontrivial weights. See Opic and 
Kufner [22J P- 291], where the result is credited to Opic and Gurka [2TJ. Curiously, 
if b-p ^ -N and a q := <?(fc ^ +jv) - AT, part (v) shows that the space W£ ( ^(Rf ) 
is independent of q € [p,p*],q < oo, with equivalent norms as q is varied. When 
N = 1, part (iv) can -and will- be deduced from an inequality of Bradley [5]. 
Related, but different, work is discussed further below. 

In the unweighted case a = b = c = and if p — q and N > 2 (a minor point), 
Theorem Ogives again IV 1 ' p (Rf ) = W 1,P (M. N ) ^ L r (K N ) if and only if (r < oo 
and) p < r < p* (Subsection II 1.1[) . If p ^ q (and still a = b = c = 0), Theorem ll.il 
is akin to embedding theorems in [2], [3J. 

Remark 1.1. If r < min{p*, q}, then 9 C — — < ^ — ^ for every c between 

c° and c . In contrast, all the conditions of Theorem \1.1\ fail (i.e., no embedding 
holds for any c) if p < N and r > max{p*,g} or if either (i) p < N,r — p* > 
q,b — p = —N ^ a or (ii) q < r < p* , a and b — p are strictly on opposite sides of 

—N (hence 9-n is defined) and #_at ^ — ~W ~ gj — r ~ 

When ^ y , a simple rescaling shows (Corollary 12.21) that the embed- 
ding (M^ ) ^ L r (M Ar ; |x| c da;) is equivalent to the multiplicative inequality 

(1-7) IHUr<C||V«|fc||«||i- «, 

rather than just ||u|| c ,r < C (IML,g + ||Vu||i,, p ) . 

When a, 6, c> -iV and it e Cfi°(R N ), dTTTJ) is one of the well-known Caffarelli- 
Kohn-Nirenberg (CKN for short) inequalities in [6]. Therefore, parts (i) and (ii) of 
Theorem 11.11 give necessary and sufficient conditions for the validity of the CKN 
inequality ()1.7[) when -L b ~ p ^~ N , but without the restriction a, 6, c > — N and 

for u S W^f^Rf )■ Note that ^(l^) C Wh^ffM?) when a, & > -TV, so that 
even in this case, (|1.7j) is a genuine generalization. As already pointed out, it does 
not follow by a denseness argument without many extra conditions (R^ replaced 
by R N ,p = q, a — b and \x\ a an A p weight, i.e. —N < a < (p - l)N; see [Til 
Theorem 1.27] or [2D]). The denseness of Cg°(R N ) is obviously meaningless when 
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a < -N or b < -N while that of Cg°(Rf ), always contained in Wk^f ^Mf ), is 
generally false (see Subsection lll.3[) and hence definitely not a viable approach. 

Inequalities of CKN type have been discussed earlier, beginning with the 1961 
work of H'in [HI Theorem 1.4], who proved (with c 1 given by (|1.3|l ) |H| c i, r ,G < 
C||V-u||b jPj o when O is a fairly general open subset of R N , G is a bounded measur- 
able subset of ft and u is C . There are further limitations about b,p and r, but 
the result has various generalizations when higher order derivatives are involved, or 
when G is a bounded subset of a section of by a lower-dimensional hyperplane. 
Results of a somewhat similar nature are proved in jTTJ Section 2.1.6], [TH| when 
il = R N and u G Cg°(WL N ). 

When f2 is an open subset of Mr, /i and v are nonnegative Borel measures, $ > 
is continuous and positively homogeneous of degree 1 in its second argument and 
\ < § + Maz'ya [H Theorem 9] (reproduced in [T71 p.127] and gives 
interesting necessary and sufficient conditions for the inequality 

(i-8) IMIl-^) <c(J^(x,VuydxY |Mli7 ( V)> 

to hold for u G C* °°(ft). When fl = Rf ,/*(J5) = f fi |x| c dx, ^(E 1 ) = / E |x| Q dx and 

$(a;,2/) = |x|*|j/|, the setting of Theorem 1 1.1 1 is recovered. 

Maz'ya's conditions for (|1.8|) are expressed in terms of the (p, <£>)-capacity of 
"admissible" sets and their n and v measures. As early as 1960, he noted in [15] that 
such conditions could be used to prove the equivalence between various inequalities 
(e.g., Sobolev and Nash). This kind of equivalence has since been revisited by a 
number of authors. For example, when a = c, it follows from Bakry et al. [1] 
that if the inequality ||u|| a ,r ^ C||Vtt| \l tP \ \u\\l^ q holds when q = qo,r = ro,6 = 9q 
and (say) u is a Lipschitz continuous function with compact support, then the 
same inequality continues to hold for a family of other values of q, r and 9. Once 
again, denseness issues are an obstacle to extending this property to the spaces 
Wj^lf (M^ ) unless a = b = c = (unweighted case) . 

The connection of this work with the CKN inequalities can be found in some of 
the preliminary results in [6] which, possibly in generalized form, are also useful for 
the proof of Theorem ll.il However, without the compactness of the supports and 
other key assumptions, a mere tweaking of the arguments of [6] is not possible. 

In the next section, we show that (|1.7p is equivalent to an embedding inequal- 
ity and that the hypotheses of Theorem 11.11 are necessary. The necessity of r < 
max{p*,g} and of 9 C ^~ — ^ — |^ < ~ — | in parts (i) and (ii) of Theorem 11.11 

follows very simply from (jl.7p and a remark in [5] used here in a more general 
framework (Theorem [2T3](i)). A variant of it proves the necessity of r < max{p*, q} 
in the remaining cases (Theorem 12.31 (ii)). 

The verification of the sufficiency is demanding. The general idea is first to prove 
Theorem 1 1.1 1 for radially symmetric functions. Once this is done, there are two dif- 
ferent ways to proceed. The first one is to reduce the problem to the symmetric 
case by a suitable radial symmetrization. This works when 1 < r < min{p, q}. The 
second option is to prove an independent embedding theorem for a direct comple- 
ment of the subspace of radially symmetric functions. This can be done, based on 
ideas in [6], under assumptions about p, q and r that rule out r < min{p, q}. This 
is why it is crucial that this case can be settled by other arguments. 
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The proof of the embedding theorem for radially symmetric functions and, next, 
by radial symmetrization, requires some preliminaries. It is more natural to work 
with the larger spaces (the domain is not mentioned for simplicity) 

(1.9) W$f := 

{u G Ll c (R^) : u G L"(R N ; \x\ a dx), 8 p u £ L»(R N ; \x\ b dx)}, 
equipped with the norm 

(I- 10 ) \\u\\{a,b},(q,P) : = Mk<? + I d P U \\b,p, 

where d p u :— Vu • #r is the radial derivative of u. Since lirl^iz; is a smooth field on 
M^, this definition makes sense for every distribution u on R^. 

When < q < 1, the definitions (fTT]) and (TO)) can still be used, but (|1.2[) and 
(|1.10[) are only quasi-norms. The equivalence between continuity and boundedness 
for linear operators remains true in quasi-normed spaces. For more details about 
such spaces, see [I] or [23] . 

The spaces W^f(R?) and W^f contain the same radially symmetric func- 
tions and the induced (quasi) norms are the same, because Vw = (d p u)-^ when 
u is radially symmetric. Thus, when referring to radially symmetric functions, the 
ambient space ^Mjf'flf) or Wl'^-F is unimportant. 

In the next section, the basic features of a related space W£?(Rf) (abbreviated 
Wio'D are discussed, along with some of their implications regarding Wl^lf • This 
material is directly relevant to the proof of the main results of Sections [4] and El 

Necessary and sufficient conditions for the continuity of the embedding of the 
subspace of radially symmetric functions when q, r > and p > 1 are given in 
Theorem 14.71 Of course, this is a (barely) disguised form of Theorem 11.11 when 
N = 1. Compared with the treatment of the same problem in [6], convenient tools 
(e.g., radial integration by parts) cannot be used and some estimates (e.g., of |u(0)|) 
make no longer sense. For that reason, our approach is technically completely 
different. 

The proof of Theorem 11.11 for arbitrary N begins in Section O where the case 
1 < r < min{p, q} is considered. As mentioned before, this is done by radial 
symmetrization, though not in the obvious way (Lemma 15. 1|) . The result (Theo- 
rem 15. 2|) is more general and sharper than the corresponding part of Theorem 11.11 
since it establishes the continuous embedding of the larger space Wj^ly^ , with a 
weaker norm, into L r (R N ; |a; | c dx) under the conditions already necessary for the 
embedding of Wj^f (M^). Thus, the embedding is obtained without assuming the 
integrability of the first derivatives, except for just the radial one. 

The case when r > min{p, q} is split into the three parts: p < r < q (Theorem 
17. ip . r > q and r > p (Theorem l8.3p and q < r < p (Theorem l9.ip . Ifp = q, Sections 
[7] and [9] can be skipped with no prejudice. A preliminary embedding lemma for 
functions with null radial symmetrization, essentially due to Caffarelli, Kohn and 
Nircnberg, is proved in ScctionlBI (Lemma 16. 1[) . then rephrased in a more convenient 
way (Corollary 16.21) . The technical steps are simple, but cannot be repeated with 
the larger space Wj^fK The proofs of Theorem l7.1l (whcn v < r < q) and Theorem 



9. II (when 1 < q < p < r) also heavily rely on Theorem l5 . 21 (when 1 < r < min{p, q}, 
but with other parameters). 
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The relationship between Theorem 11.11 and the CKN inequalities does not stop 
with (|TT7| when ^ b ^ N : In Section [TUl we show that the embedding 

Wh ''I (S£) ^ L r (M N ; \x\ c dx) continues to be equivalent to a multiplicative in- 
equality ||u|| c>r < CWVuWlJluWlJ for some suitable 6 <E [0, 1] when 3dJL = kzRkK 
(Theorem [TnUl), except when N > 2 and a = c = b - p = -N (Theorem [TO]) . 
Of course, 9 is no longer 9 C in (|1.4I) . which is not defined, and it may not always 
be unique (Remark 110. ip When 9 = 1, this is an iV-dimensional weighted Hardy 
inequality more general than those in the current literature ([9], [22]). The case 
when u £ C§°(R^),p = q = r = 2,c — — 1 and 9 = \ was recently investigated 
by Catrina and Costa [7J. 

In Section [TlJ three special cases are discussed and the (simple) generalization 
when |a;| a , |a;| fe and \x\ c are replaced by weights w a ,Wb and w c having multiple 
power-like singularities is briefly sketched. 

I. 1. Notation. Throughout the paper, C > denotes a constant which, as is 
customary, may have different values in different places. If k > 1 is a real number, 
k! < oo will always denote the Holder conjugate of k. Also, C & Cg°(R N ) is chosen 
once and for all such that < ( < 1 is radially symmetric, £(x) = 1 if |ac| < | 
and £(x) — if \x\ > 1. Naturally, we shall also use the notation introduced more 
formally earlier on. Up to and including Section [4j we shall frequently refer to the 
Kelvin transform, defined in the following remark. 

Remark 1.2. The Kelvin transform x *-> \x\~ 2 x on M.^ is an isometry from 
^Hlf onto ^{-2N-a,2p-2N-b} and from L r (R N : \x\ c dx) onto L r (M. N ; \x\~ 2N ~ c dx) 
for all values of the parameters. As a result, in many proofs that split into two com- 
plementary cases, it will be enough to discuss only one of them, because the other 
follows from this isometry. 

2. Necessary conditions for continuous embedding 

In this section, we prove that the conditions given in Theorem 11.11 are necessary. 

Theorem 2.1. Let a,b,c 6 K and 1 < p < oo,0 < q, r < oo be given. Then, 
W {a% P \ R *) ( hence a fortiori Wffif ) is not contained L r (R N ; \x\ c dx) if: 

(i) c does not belong to the closed interval with endpoints c° and c . 

(ii) b — p < —N < a or b — p > —N > a and c does not belong to the interval with 
endpoints c° (included) and —N (not included). 

Furthermore, W^^'^ (K^) (hence a fortiori W}^ ) is not continuously embed- 
ded into L r (JBL N ; \x\ c dx) if: 

(Hi) a+N =/: b ~P +N ) c = c° and r ^ q (if r = q, then c° = a and the embedding is 
trivial). 

(iv) °dM. tzZtK^ c = c i andr < p. 

(v) sdJL = ^^-,r < mm{p,q} and c = c° (= c 1 ). 

(vi) a = ~N,b = p - N,r < q and c = c° (= c 1 = —N). 

Proof, (i) If c < minjc ^ 1 }, let u(x) := \x\~~^(^(x) with £ as in subsection 

II. 11 Then, u ^ L r (M. N ; \x\ c dx) since |x| c |u(a;)|'' = |af| on a neighborhood of 0, 

2 In principle at least, that does not rule out W{ a ( ^ p) (K^) C L r (R N ; \x\ c dx). 
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but u G W$fQl?) since min [a - b - p - ^D.} > -N and VC has 

compact support and vanishes on a neighborhood of 0. 

If c > maxjc^c 1 }, let u(x) := \x\ ~(1 — C{x)) and argue as above, with 
obvious modifications. 

(ii) By Kelvin transform (Remark II. 2j) . it suffices to consider b — p < —N < 
a. Note that c 1 < -N < c° and let c £ (-^c ] . By (i), wM^ p) (Rf ) £ 
L'^; \x\ c dx) if c > c°. If now c < -JV, then C $ L r (R N ; \x\ c dx) since C = 1 
on a neighborhood of 0, but £ £ Wj^f (Rf ) because a > — and VC has com- 
pact support and vanishes on a neighborhood of 0. 

(iii) By contradiction, if W^f(R?) ^ L r (R N ; \xfdx), then |M| c o, r < 

C(Nkg + l|Vw|| 6 , p ) for every u G (Rf ). By rescaling and since = 

i at a + jV b-p + jV 

^±^1, it follows that ||tt|| c o iT . < C(||u|| 0ig + A « * ||Vu|[b iP ) for the same con- 
stant C independent of A > 0. Since 2±£ ^ 6 ~P +jV , this yields ||u|| c(v < C||u|| a , 9 . 

c 0-}_jV — 1 1 a + jV 

In particular, if u(x) := |x| ? sCpl) — Fr 9 #(M) with <? £ Cg°(0,oo), it 
follows that \\g\\ r < C , ||g||i_i. q when g e Cq°(0, oo), g > 0, or 5 is the a.e. limit 
of a nondecreasing sequence of such functions. Thus, a counterexample is obtained 
by choosing g := X( n ,„+i) H r > q and 5 := i"~-X(o,i) ir r < Q and by letting n 
tend to 00. 

(iv) The scaling used in (iii) now shows that if W^ a (q b f (Rf ) <-» L r (R Ar ; |x| cl dx), 
then ||u|| c i r < C||Vu||h jP for some constant C > 0. The proof that C does not exist 
is slightly different when a 7^ —N and when a = —N. 

Case (iv-i): a ^ —N. 

By Kelvin transform, we may assume a < —N with no loss of generality. It 
suffices to prove that, given C > 0, 

(2-1) ll/llci+W-l.r < C||/ \\b+N-l,p, 

cannot hold for every / g Wj 'c (0, 00) with / > 0, / = on a neighborhood of and 
f = M (constant) on a neighborhood of 00 (if so, u(x) — f(\x\) is in W'M'f (if) 
irrespective of b € R and of p > l,q> 0). 

It is well-known that if 1 < r < p and C > 0, the weighted Hardy inequality 

(j °° t r{ "~% +N) - l (j* ff(r)dr) r dt) 7 < ^(/"^-^(tjfdt)* does not hold for 
every measurable g > on (0, 00), because power weights never satisfy the necessary 
compatibility condition when r < p ([17, Theorem 1, p. 47]). This is also true, but 
more delicate, when < r < 1 ([26], [22] )• Thus, if < r < p, there is a sequence 
g n > such that / °° t b+N - 1 g n (t) p dt < 00 and that 

[l 00 * r ^~ i Uo 9n{T)dT ) dt ) r > n or tb+N "^ t)dt ) * ■ 

If 6 — p > — iV, the left-hand side is even 00 when g n ^ 0, so it may be assumed 
that b — p < —N whenever convenient (which happens to be the case when p = 1). 
The simple proof by Sinnamon and Stepanov ([27] Theorem 2.4] if p > 1, [27l 
Theorem 3.3] if p = 1) reveals at once that g n may be chosen in Z/ p (0, 00) and with 
compact support. Then, f n (t) := J Q g n (r)dT > vanishes on a neighborhood of 
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and is eventually constant. Since J ( b P+N ^ — 1 = c 1 + N — 1, this provides a 
counterexample to (|2.1[) . 
Case (iv-s): a — —N. 

Then, b — p / — N since _^ h ~ p ^ N . By the usual Kelvin transform argument 
-which does not affect a = —N- we may assume b — p < —N. It suffices to show that 
(I2.I[) cannot hold for every / G W lt £ (0, oo) with / > 0, / = on a neighborhood 
of and f(t) = Mt~~ e for some constants M, e > and large i (if so, u(x) — f(\x\) 
is in W^ q N p) b] (R? ) since 6 - p < -AT). 

With /„ and g n = as in Case (iv-i) above, set h n (t) := f n {t) if < t < 1 
and /i n (i) := t~ en f n (t) if t > 1, where e„ > will be chosen shortly. Note that 
h„ = on a neighborhood of and h n (t) — M n t~ en for t > large enough since 
fn{t) — M n is constant for large t. Since /„ provides a counterexample to (|2.ip and 
h n = f n on (0, 1), h n will also be a counterexample if, when n is fixed, e n > can 
be chosen so that f^°t c +N ~ 1 h n (t) r dt is arbitrarily close to f^°t c +N ~ 1 f n (t) r dt 
and f™ i fc+Ar - 1 |/i; i (i)| p dt is arbitrarily close to t M-JV-1 |/£(t)| ,, <ft. 

By the monotone convergence of t c +N ~ x ~ re f n (t) r dt as e \ 0, the former 
property holds. For the latter, it suffices to use (1) lim e ^ t b+N ^ 1 ~ pe g n {t) p dt = 
t b+N ~ 1 g n (t) p dt, also proved by a monotone convergence argument, and 
(2) lim £ ^ e p t- pe+b - p+N - 1 f n {t) p dt = 0, which follows from the boundedness 
of /„ and from b — p < —N. 

(v) The main difference with the proof of parts (iii) and (iv) is that the scaling 
argument used there is inoperative because all the powers of A cancel out. Let r) 
denote the common value 

a + N b-p + N c + N 

(2.2) n:= = = . 

q p r 

If ||u|| c , r < C(|M|a, fl + ||Vn|| 6 , p ) for every u e WffiffR?), the choice u{x) := 
f{\x\) with / G C °°(0,oo) yields \\f\\ c+N _ hr < C(\\f \\ b+N -i, P + ||/||a+jv-i,,). 
If now g S C§°{R), then f(t) = t-igQnt) with r) from (JOJ is in C§° (0,oo). 
By the change of variable s := lni, we obtain the unweighted inequality ||g|| r < 
C(l 1 .9' I p + l Iff I l<? + l Iff I p) f° r every g e Cq°(R). With g ^ chosen once and for all and 
g(t) replaced by g (At) , A > 0, it follows that h < C{\7 + ~ I 2 + +A-~ « I 3 + A- ~»h) 
with 7i, £4 > independent of A. Since r < min{p, g}, the right-hand side tends 
to with A, which is absurd. 

(vi) Argue as in (v) above, just noticing that now r\ = in (12.21) . which produces 
the simpler \\g\\ r < C(||g'|| p + ||g|| 9 ) when g e C£°(R). Then, I x < C{\~? + h 2 + 

for A > by rescaling, which is absurd if r < q. □ 

As a corollary, we obtain that the embedding is often characterized by a multi- 
plicative rather than additive norm inequality (see also Section 1 10|) . 

Corollary 2.2. Let a, b, c S R and 1 < p < 00, < q, r < 00 be such that 

b ~ V p N ■ Then, W/^'l (R^) is continuously embedded into L r (M. N ;\x\ c dx) if and 
only if c is in the closed interval with endpoints c° and c 1 and there is C > smc/i 

(2.3) |M|„ r < C||Vtt|fc||u||i- fl ', V U € wffiftM"), 
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where 9 C is given by {1.$ . The same property is true upon replacing W/j^'i (R^) 
byW^lfand {K3> by 

(2-4) \\u\\ c , r < C||a p «||^|| U ||i- fl % Vu e w\f*f. 

Proof. The sufficiency follows from the arithmetic-geometric inequality. We prove 
the necessity for Wj^fK Similar arguments work in the case of W/^'j; (R^). 

Suppose then that -4 L r (R N ; \x\ c dx). By part (i) of Theorem EJ c is 

in the closed interval with (distinct) endpoints c and c . Furthermore, ||u|| c ,r < 

C(II U IU,<3 + ll<5p u lkp) for every w £ ^Sabf^' ^ n tn ^ s inequality replace u(x) by 
u(Ax) with A > to get 

c + JV a + iV c + JV fa-p + TV 

(2.5) |M| c , r < CA~ « Hk, + CA- — HflpuHij, - 

CA^^|M| a , 9 + CA (1 -^^[|9 pU ||i,, p . 

If c = c° (c = c 1 ), then 6 C = (6> c = 1), so that ||u|| c , r < C7||u|| a , g (|M| c ,r < 
C||9pU||b )P ), i.e., (I2.4[) holds, by letting A tend to or to oo. Otherwise, (12.41) follows 
by minimizing the right-hand side of (|2.5I) for A > 0. This changes C, which however 
remains independent of u even though the minimizer is of course it-dependent. (If 
9 C / 0, (|2.5[) shows that u = if d p u — 0, so that it is not restrictive to assume 
IMIa.q > and ||<9pM||t>,p > in the minimization step.) □ 

The next theorem gives a different necessary condition for the continuity of the 
embedding W^f(R^) L r (R N ; \x\ c dx). 



Theorem 2.3. Let a, b, c s R and l<p<oo,0<g,r<oo 6e given 

q i p {a,b} 



(ijl/HJL^ t£±» andWi-^iR?) ^ L'(R";\x\<dx), then »„ e [0,1] and 



\p Is q) r q 

In particular, r < max{p*. q}. 

(U) If3d^L = i=2±*L and c = c° (= c 1 ) and if W\^f(^) ^ L r (R N ; \x\ c dx), 
then r < max{p*,g}. 

Proof, (i) Part (i) of Theorem 12.11 shows that C € [0,1]. The next argument is 
taken from [BJ, with a minor adjustment to fit the setting of this paper. Let (p G 
Cq° (M. n ) , <p ^ 0, be chosen once and for all. If xo £ R N and i? := |xo| is large 
enough, then </?(■ + x ) G Cg°(Rf ) C W { ^^ p) (R^) irrespective of a, 6,p and g. By 
using (|2.3p with u = + x ) and by letting R —> oo, we get (because Suppt^ is 
compact) i?r||yp|| r < CR~^^ 5 ~^l|Vv5||p c ||(p||J~ ec for large R after changing C, 
whence f < ^ + a(1 ~ ec) . Then, {HJ follows by adding f and using (H~B|) . 

If p < AT and r > max{p*, g}, then (12.61) cannot hold since it fails when C = 
and when 6 C = 1. Thus, r < max{p*, g} is necessary. 

(ii) Use the same method as in (i), but with the additive inequality ||y|| c o r < 

C(||^|a,, + l|V^|| 6 ,p). This yields R^\\(p\\ r < C(R« \\<p\\ q + R$\\V<p\\ p ) for large 
R > 0. By m, £ = § + f - f and (since c° = c 1 ) f = f + f + 1 - f , whence 
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i?"|M|, <C(||^|| g +i?^+ 1 -f HV^IIp). If r> q, this implies f-f < f , 
i.e., r < p*, so that r < max{p*, g} in all cases. □ 

The above proof may give the wrong impression that (|2.6p arises only as a result 
of integrability at infinity. That this is not the case can be seen by noticing that 
the choice (p(x\x\~ 2 + Xo) instead of ip(x + xq) also yields (|2.6I) . while the support 
of y(cc|x| -2 + xo) shrinks towards as |xo| — > oo. 

The verification that Theorem 12.11 and Theorem 12.31 together imply that the 
hypotheses made in Theorem 1 1 . 1 1 are necessary is routine and left to the reader. 

3. The spaces W]f c and related concepts 

In this section, we develop the background material needed for the proofs of the 
main results of the next two sections. Let iojq denote the volume of the unit ball 
of R N . If u e £f oc (Kf ) with p > 1, define the spherical mean of u 

(3.1) f u (t) := (Nlun)- 1 [ u(ta)da. 

By Fubini's theorem in spherical coordinates, f u (t) is defined for a.e. t > and 
/„ £ Lf oc (0, oo). Hug Wj£, where 

Wt*--= {uELl c (R»):d p ueLl c (R»)} 
and d p u := Vit • t^t, more is true: 

Lemma 3.1. If 1 < p < oo and u G W^, then f u G W,'^ (0, oo). Furthermore, 

(3.2) f' u {t) = (Nlon)- 1 [ d p u{ta)da. 

Conversely, if f G W^'^O, oo) and u(x) := /(|x|), then u G and f u = 

f,d p u(x) = f'(\x\). 

Proof. Let u G W^ ' c p . If ^ G C£°(0,oo), set ^(x) := <p(\x\), so that ij; G Cq°(K^) 
and 0p^(x) = p'OD- H follows that (f^ip) = -(Nun^ 1 (u, \x\ 1 ~ N d p ip) = 
{Nlun)- 1 (\x\ 1 - N d p u,i;) (use V- (\x\~ N x) = 0). Since d p u G Lf oc (Mf ), this shows 
that = (/ 9pU ,^), that is, f' u = f dpU G Lf oc (0,oo). Thus, /„ G < o ' c p (0,oo) 

and (|3j| holds. 

Conversely, suppose that / G W z ^(0,oo) and set u{x) :— f(\x\). Then, u G 
Lf oc (R^) (it is continuous) and, by [ill Theorem 4.3], Vu(i) = f'{\x\)-& because 

/ is locally absolutely continuous. Thus, u G W]f c (Kf ) C W]f c and = 
Vu(x) ■ |fy = d p u(x). That /„ = / is obvious. □ 

If f2 is an open subset of andu G W 1 ' 1 ^), it is well-known that |u| G W 1,:l (fi) 
with V|u| = (sgnu)Vu (see for instance j3T] p. 48] or [TJ] Theorem 2.2] for more 
general statements), where sgnu is defined to be at points where u — 0. This is 
proved by showing that if u G L 1 ^) and <9;u G L 1 (fi) for some index 1 < i < N, 
then di\u\ G L 1 (fi) and di\u\ = (sgnu)diU, because the assumptions suffice to ensure 
the local absolute continuity of u on almost every line segment in 51 parallel to the 
a^-axis. Since a radial derivative is just a directional derivative after passing to 
spherical coordinates, the same arguments show that if u G W; ' c , then \u\ G W; ' c 
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and d p \u\ = (sgnu)d p u. (That the derivative of u(-,a) is d p u(-,a) can be justified 
by a variant of the proof of Lemma 13. II ) 

Another well-known result, usually proved by localization and mollification, is 
that if u G W l *(9) and u > 0, then u p G W 1 ' 1 ^) and d l {u p ) = pvP^diU. Not 
surprisingly, the proof actually requires only u and diU to be in L p (f2), so that 
completely similar arguments show that if u g W, and u > 0, then u p g W,' 
and d p u p — pu p ~ 1 d p u. By combining the above, we find: 

Lemma 3.2. Ifl < p < oo and u g W { ^, then f u g W^(0, oo) and f' u is given by 
hS.^I . Furthermore, \u\ p g W^and d p (\u\ p ) — p\u\ p ~ 1 (sgnu)d p u, where sgnw := 
on it -1 (0). 

Since f\ u i is continuous on (0, oo) when u g Wj ' c , the following two subsets are 
well defined: 

(3-3) Wg_ := g : lim^^/^i (t) = 0}, 

(3-4) W& + := {n g W£ : fim t ^ 0+ /,„, (t) = 0}. 

The sets Wi i0 ' c± are not closed under addition and so are not vector spaces. They 
are exchanged into one another by Kelvin transform. Various other properties are 
collected in the next lemma. 

Lemma 3.3. The following properties hold: 

(i) Ifu eJvtl_JWt>l + ), then \u\ g Wtl_jWll + J. 

(ii) u g W£_ (Wj£ + ) ^u s :=f u o\-\e Wj£_ (W& + ) and d p u s (x) = f' u (\x\). 
(Hi) If u g W^o',, 1 and |x| a |u| 9 g L 1 (R JV ) for some a G R and some q>l, then u G 
^oc,- (^lol+) ifa>-N (a< -N). In particular (see f£$), W$f C W£_ 
(W£ + ) ifaj> -N (a < -N). 

(iv) If u G W, 1 is radially symmetric and \x\ a \u\ q G L 1 (]R Ar ) for some a£l and 
g > 0, t/ien u G W^ 1 . (Wt ^ + ) ifa>-N (a<-N) In particular, if u G 
is radially symmetric, then u G Wj D ' c _ (W/ ' c _, ^ if a > —N (a < —N). 

Proof, (i) Use Lemma I3T21 and the definitions (|3.3p and (|3.4I) . 

(ii) That ms := /„ o | • | G and d p us{x) — f' u i\x\) follows from Lemma l3~T1 
Next, the remark that f\ us \ — |/u| < /|u| shows that if also lim f toc fu,i(t) = (or 
Hm t - ) .Q+/|t l |(*) = 0), then Hm^^/^^) = (or lim t -Kx)/|«s I (*)(*) = °)- 

(iii) Suppose a > ~N and, by contradiction, u £ Wj ' c _< Then, /| u |(t) > ^ > 
for f > T and large T > 0. Thus, by IpTT]) . ^ < (f\ u \) q {t) < f\ n \«(t) for f > T, so 
that L |>T |a;| a |u| 9 = iVwjv t a+N - 1 f [u] ,(t)dt > Nco N £ q t a+N - 1 dt = oo since 

a > -AT. This contradicts \x\ a \u\ q G X^M^). The case when a < -N follows by 
Kelvin transform and. the "in particular" part is obvious. 

(iv) If u is radially symmetric, then f\ u \g = (f\ u \) q for every q > 0, so that the 
contradiction argument in the proof of (iii) works when q > 0, not just q > 1. 
The "in particular" part is clear if we show that u G Wj ' c - To see this, note that 
n G wM'i implies 9 p w G Lf oc (R^), which, by radial symmetry, implies Vu G 
Lf oc (Mf ). Thus, u G < f(Mf ) (El p. 7)) and W^Rf ) C ^ is obvious. □ 
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If u G L\ oc (R^ ) is radially symmetric, then u(x) = f u (\x\). This justifies referring 
to the function us in part (ii) of Lemma 13.31 as the "radial symmetrization" of u. 

Lemma 3.4. Let a, b G R and 1 < p, q < oo be given. If u G W}^ , i/iera: 

(%) |u| G wM'j and || |u| || a , 9 = ||u|| a , g , ||9 p |u| ||b, P = ||<9 p u||b, p . If also u is radi- 
ally symmetric, this remains true when < q < 1. 
(ii) u s G Wj^f' and ||us|| 0) g < IMkg, || dpU S \\b,p < \\d p u\\b,p. 

Proof, (i) This follows from u G <^ ^k>c ( see Lemma [3~3l (iv) if u is radially 

symmetric and < q < 1) so that <9 P |u| = (sgnu)<9 p u by Lemma I3~2l 

(ii) Since us(x) = fu(\x\) and /„ in (13. ip is continuous, us is continuous and so 
us G Ll c (R?). By (EU), lusWI 9 < (iVwjv)" 1 J^-i |u(|a:|CT)|«dff since <? > 1 and, 
by (O and part (ii) of Lemma^ |<9 p usO)l P < (iVc^v)" 1 J§«-i |5 p u(|x|cr)| p rfcr 
a.e. Therefore, ||us|| ,g < IMk 9 and ||<9 p us||fc :P < ||<9 p u|| biP . □ 

We complete this section with an inequality (Theorem 13 .6[) which is the basic 
tool for the proof of Lemmas 14.31 and 14.41 in the next section. 

Lemma 3.5. Let f G W£ , (0, oo), / > and 7 G R 6e given. 
(i) Iff>l-N and lim f fft) = 0, £^en 

/OO 
r w - 1+7 |/'(r)|dr < 00, W > 0. 

1/ 7 < 1 — TV and lim f vQ + f (t) = 0, iften 

(3.6) < t N - 1+ y(t) < f T N - 1+ ^\f'(T)\dT < 00, Vi>0. 

Jo 



Proof, (i) Given t > 0, let T > i and write /(t) = /(T) - jf /'(r)dr. Since 
7 > 1 - TV implies t^-i+T < r ^-i+7 w hen i < r, this yields t N - 1+ ^f{t) < 

t N - 1+ y{T) +tf T N - 1+ ^\f'{T)\dT < t N ~ 1+ -< f{T) + ^ T N - 1+ ^\f'{T)\dT. ThuS, 

(I53|) follows from / > and from lim T ^ 00 /(T) = 0. 

(ii) Given t > 0, let < e < t and write f(t) = f(e) + J £ /'(r)dr. Since 
7 < 1 - TV implies t JV - 1 +7 < r iV-i+7 when f > T) this yields t N - 1+ ^f(t) < 

t N-l+ 7 f^ + jt T N-l+ 7 \f^\ dT < t N-l+-,f( £ ) + jt T N-l+-,\f( T y d ^ ThuSj flgj} 

follows from / > and from linu ^ f(e) =0. □ 

In Theorem 13.61 below, the norm notation is only used for convenience since all 
the norms may actually be infinite. In practice, this simply means that in the 
inequalities, the finiteness of the right-hand side implies the finiteness of the left- 
hand side, which therefore need not be assumed separately. An alternate proof can 
be based on the case "g = 00" of [T71 Theorem 2, p. 40] and Kelvin transform, but 
the direct argument used below is more explicit and not longer. 

Theorem 3.6. Let 7 G R and 1 < p < 00 be given. There is a constant C > 
such that if u G W, ' is radially symmetric and either 7 > 1 — TV and u G W,' _ 
or 7 < 1 - TV and u G Wf^ >+ , then || | iE |iV'-l+'y u j| oo < q| \ x \i+f d p u\\ p . 
Furthermore, if p — 1, this inequality remains true when 7 = 1 — TV. 
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Proof. Suppose first p = 1 and 7 > 1 — N and let u <E W; Q ' C _ . By part (i) of Lemma 
13.31 and Lemma 13.21 we may and shall assume u > with no loss of generality since 
|| Ixpc'pitlli and || ja;!^ -14 " 7 ^! |oo are unchanged when u is replaced by 

By LemmaEHl u ( x ) = /u(M) witn /« G w loc( ' /« > andhm^^/^^) 
by ((33)1 . Thus, I Ix^-^uW^ = sup t>0 t N ~ 1+ ^ f u {t) and || Ix^u^ = 
Jo°° tJV_1+7 I/«( t )M t s i nce f' u {\ x \) — d p u(x) (use u = us and Lemma [33] (ii)). 
Hence, it suffices to show that t N ~ 1+1 f u {t) < t n \ f' u (T)\dT < 00 for every 
t > 0, which follows at once from (I3.5[) for / = /„. If 7 < 1 — N and u e + , 
use (|3.6p instead of p.5p . 

Now, let 1 < p < 00. Once again we assume u > with no loss of generality, so 
that u(x) — / u (|a;|) with /„ e W io ' c (0, 00) and /„ > 0. It suffices to prove 

(3.7) t N ~ 1+ y u (t)<C Ifiir^T^+^dr, 

Jo 

for every £ > 0. We merely show how the proof when p = 1 above can be modified 
to yield this inequality. 

Suppose 7 > 1 - N and let u e W^ _. The inequality (|3~5|) with 7 = 1 - N 
-which is allowed in Lemma RT51 - and f — f u yields f u (t) < f°° \f' u { T )\dT for every 
t > 0. Write |/i(r)| = (l/^r)^ -14 " 74 ^) t- 1 -^" 7 "^ and, since 7 > 1 - N, 

use Holder's inequality to get f u {t) < Ct 1 "-^ 7 (J t °° I/^t^tP^+p 7 ^^) ? with 
C := [p'(7 + AT - 1)]~F , which is stronger than (|3J]). If 7 < 1 - N and it G W^ 0( ! + , 
follow the same procedure, but starting with the inequality (|3.6|) . □ 

4. Embedding theorem for radially symmetric functions 

In this section, we give necessary and sufficient conditions for the continuity 
of the embedding of the subspace of W^ 9 ^ of radially symmetric functions into 

L r (M. N ; I a; I c da; ) . In principle, this can of course be done by reduction to the half- 
line, which is reflected in the proofs, but we have found no expository or technical 
advantage in doing so explicitly. Our first task will be to make sure that the cut-off 
operation is continuous. As a preamble, we need: 

Lemma 4.1. Let Q denote a bounded open annulus centered at ^ Q and let 

0,66! and 1 < p < 00, < q < 00 be given. There is a constant C > such that 
IM| Pl n — C| M \{a.b},{q,p) f or every radially symmetric u G . 

Proof. Let u £ ^{al}^ ^ e racuan y symmetric. We already pointed out in the 

Introduction that Wh^f and W^ 9 b f(R^) have the same radially symmetric 

functions, with the same induced (quasi) norms. Since u G W^ 9 ^\M.^) implies 

Vu £ Lf oc (Ef ), it follows that u £ W]f c (Mf ) (this was already used in the proof 
of Lemma [3.31 (iv)) and hence that u G W 1,p (£l). Thus, it suffices to prove that 
IMU < C{\\v\\ q . n + ||V«|| p ,n) for every v G W 1 '" (fl). 

This is common knowledge when q > 1, but since only q > is assumed, we 
give a proof for completeness. By contradiction, assume that there is a sequence 
(v n ) C W 1,P {Q) such that ||w„|| P ,n = 1 and lim^oo ||w„|| g ,o + ||Vw n || P: o = 0. Since 
(v n ) is bounded in W 1,P (Q) and the embedding W 1 ^^) L p (Sl) is compact (even 
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when p = 1), there is v G L P (Q) and a subsequence, still denoted by (v n ), such that 
v n — > v in L p (£l) and that n n — ► f a.e. on ft. Obviously, = 1. 

Now, since \v n \ q — > in L 1 (fi), there is a subsequence (w, lfe ) such that \v nk \ q — > 
a.e. on f2. Thus, u n)t — > a.e. on f2, so that u = 0, which contradicts ||i>|| p = 1. □ 

With the help of Lemma l4.1| we can now prove that truncation has the expected 
properties in the subspace of WM'^ of radially symmetric functions. 

Lemma 4.2. Let a, b G K and l<p<oo,0<g<oo&e given and Zei </? G C°°(K ) 
be radially symmetric, constant on a neighborhood ofO and constant outside a ball. 
Then, the multiplication by ip is continuous on the subspace of radially symmetric 
functions of W/^*j . 

Proof. If u G Wj^f\ then ||pu|| a , g < |M|oo|MU,<j and 9 p (ipu) = tpd p u + (d p tp)u. 
Clearly, 1 1 c^c?pii 1 1 t, ;P < ||y||oo||9 / ,u||6, p . To evaluate ||(9p¥')'u||6,p when u is radially 
symmetric, note that Supp d p ip is contained in a bounded open annulus f2 centered 
at ^ fi. Thus, ||(9py)w||(, iP < C| | <9 p <p 1 1 oo 1 1^ 1 1 { a ,t>} . (</,jj) by Lemma H . 1 1 since \x\ b is 
bounded on Q. Altogether, this yields ||v 3U ll{a,6},(g,p) ^ C|MI{a.h},(<j,p)- D 

The radial symmetry is unimportant in Lemmas 14. Il and l4.2l if q > p or if ffM'j 1 ' 

is replaced by W}^f'(R^), but it does matter if q < p. 

We first address the embedding when a and b — p are on the same side of —N. 

Lemma 4.3. Let a, b, c G M and 1 < p < oo, < q, r < oo be given. If a and b — p 
are on the same side of —N (including —N), the subspace ofWj^y of radially 

symmetric functions is continuously embedded into L r (M. N ; \x\ c dx) in the following 
two cases (recall the definition of c° and c 1 in hl.3\) ): 

ft) a+ q N 7^ h ~ P p N i r < Q an d c * s i n the open interval with endpoints c° andc 1 . 

(ii) a+N — j b — p ^ — N if p > l,r > q and c is in the semi-open interval 

with endpoints c* := (l — -) c 1 + (included) and c 1 (not included). 



Proof. By Kelvin transform fRemark ll.2l) . we may assume a > —N and b—p > —N 
and, by Lemma 13.41 u > 0. By Lemma 14.21 and with ( as in subsection 11.11 it 
suffices to show that ||(1 — C) u llc,r < C| | ( 1 — C)u\\{a,b}.(q. P ) an d that ||Cu|| c ,r < 
C| IC U I \{a,b},(q,p) f° r some constant C > independent of u. 

(i) The assumption < r < q is retained. 

Case (i-i ): b- p > —N or p = 1 and b - 1 > -TV. 

We first prove |M| Cjr < C| |v| |{a : fc},( g , p ) when v := (1— ()u (> 0). Given £ G K and 
eel, write |a;| ( V = |x|~« (|a;| c+ 4 r ) .Since Suppv C K Ar \B(0, ±) and by Holder's 

1 . 

inequality, ||w||^ r = J RN \x\ c v r < (j R N\ B{0 ^ } M~ fc ' e ) (J r n \x\ k ^ c+ ^v kr ) T , where 
k > 1 is arbitrary. 

If > iV, then := fjgiv\ S (o i-j M~ fc * < oo and it suffices to find 

a majorization of / RJV |a;| fe ( c+ «)u' sr . Split \x\ k( - c+ ^v kr = (\ x \ k ( c +i)- a v kr ~i) \x\ a v q , 

SO that, if kr - q > 0, then J RJV \x\ k ( C+ ^V kr < \\ \ x \Hc+Z)-a v kr-q ||^ ^a y q = 



EMBEDDINGS OF WEIGHTED SPACES AND CKN INEQUALITIES 



15 



The next task is to majorize 



k(c + Q- 

\x\ kr -i 



This can be done by using Theorem 



as we now explain. Suppose in addition that k and £ are chosen so that 
fc(c fc +i ) ~ a = b ~ p + N . By part (hi) of LemmaO v G since a > —N. Next, if 

7 := | - ^r, then 7>1-A r ifp>l since b-p > —N and 7>l-AMfp = l 

b-p+N 

since b — 1 > — AT. Thus, |x| p v < C\\d p v\\b, p < oo by Theorem 13.61 To 

oo 

summarize, 

(4.i) |M| c , r < M^-^n^vii^iHut, 

if k and £ G R can be found such that > N,kr — q > (hence > 1 since r < q) 
and fc(c t +c) ~ a = b -P+ N . By introducing s := kr - q > 0, so that k = ^±2 it follows 

kr — q P 1? r i 

that fc ( c +fl-° = <^+^ if and only jf £ = ar P +r B (6-p+JV) _ 4 th ^ j f 

kr — q p J s P(s+^)j s 

and only if 

arp + rs(b — p + -/V) — ./Vps — TVpg 4- iVpr c s + c°g 
p[s + q) s + q 

Thus, this inequality for some s > ensures that (ETTj) holds with fc := ^±2 > \ 
and £ = ar P+^(^P+ jV ) _ c ^ ^hc right-hand side of (|4.2[) is a monotone function of 

s > with limits c° and c 1 as s tends to and oo, respectively. Therefore, s > 
can be chosen so that (|4.2|) holds if and only if c < maxjc ,^} and then, since 
v = (1 — C)u hi (|4.ip . the arithmetic-geometric inequality yields ||(1 — £)u|| C)r — 
C ||(1 — C) u \ \{a.b},(q.p) w hh C > independent of u. 

If now v := £u, then once again v G Wj' _ because w has bounded sup- 
port. The same procedure, but with > TV replaced by fc'£ < N, shows that 
IHIcr = IIC u llc,r < C|l u ll{a,6},(«,p) if c > min {c^c 1 } . Hence, both ||(1 — C) u l |c,r < 
C| M \{a,b}.(q,p) and ||Cw|| Cj r < C| \u 1 1 { a .b} , (q :P ) hold when c is in the open interval 
with endpoints c° and c . 

Case fi-sj: b — p = —N (ancQp > 1). 

If so, ^ fc-P+iv ^ o and a > -iV imply a > —N and — JV = c 1 < c < c". If 



«±w ^ 6 ~p+ jv = and a > -AT imply a > —AT and —N = c 1 < c < c°. 
f := (1 — £)u, then, ||w|| c ,r < C||?;||a,g < C|MI{a,i>},(q,p) by Holder's inequality (use 
l^ri^r = k| c_ " (N"(l - OK) , Supp(l-C) C R N \B(Q, |) and £t2E < _at ; 
i.e., c < c , if r < q, at c < a = c if r = 

Next, choose 6 > 6 (so that 6 - p > -N) such that c 1 := r(fc ^ +jv) - N < c and 
use Case (i-i) with b replaced by b -which changes c 1 into c 1 but does not change 
c°- and u replaced by (u. This yields ||C u l|c,r < C||C u ll{ a ,$},(g,p) 

<C\\(u\\ 

{a,b},(q,p) 

where the second inequality follows from b > b and Supp£ C B(0, 1) (so that 

||V(C«)|| 8jP <||V(Cu)||6 lP ). 

(ii) The assumption < q < r is retained. 

By part (iv) of Lemma 13.31 and Lemma 14.21 u, C,u and (1 — Qu are in W,' (even 

Wjoc - s i nce a ^ an d (u has bounded support) due to radial symmetry, even 
when q < 1. Since b — p > —N and b — p ^ —N when p > 1, it follows that 
b-p> -N if p > 1. 



^The argument also works when p = 1. 
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The general procedure is the same as in Case (i-i), with the following difference: 
To prove (|4.1[) with v := (1 — £)w (> 0), k and £ 6 M must be found so that 
fc'£ > N, k > 1 and fc(c fc +l ) ~ a = With the same change of variable k := 2±2 

as before, fe > 1 amounts to s > r — g. so that (14. ip holds for some £ if and only if 
c < max {c*, c 1 } (the supremum of the right-hand-side of (14.2[) when s > r — q). 

Likewise, as in Case (i-i), (|4.ip holds with v — £u if c > min {cV 1 } . This 
proves (ii) when b — p > —A, or p = 1 and b — 1 > — A, and when c is in the open 
interval with endpoints c* and c 1 . Thus, it only remains to discuss the case c = c* . 

This can be done by proving the inequality (|4.1[) for v = u radially sym- 



metric, with k = 1 and £ = (no need to split u). Specifically, since r > q 
(unlike in part (i)), write |M|^ r = J RN \x\ c * \u\ r = J RN \x\ a+ ^- q ^ !L= ir K )\u\ r < 

< C||9 p u||b lP by using, as before, 



b — p+N 

\x\ p u 



\1 q and notice 



, , b-p + N 

\x\ P U 



b _ N_ 
P P' ' 

is allowed if p = 1. □ 



Theorem ETB1 with 7 := | - |r- This requires b -p > -N if p > 1, but b - 1 = -N 



Part (ii) of Lemma 14.31 is not optimal, but before improving it (in Lemma 
below) we prove a similar result when a and b — p are on opposite sides of — N. 

Lemma 4.4. Let a, 6, c G M and 1 < p < oo, < q, r < oo be given. If a and b — p 
are strictly on opposite sides of —N, the subspace ofWj^y^ of radially symmetric 

functions is continuously embedded into L r (M. N ; \x\ c dx) in the following two cases: 

(i) r < q and c is in the open interval with endpoints c° and —N. 

(ii) q < r, 1 — £ < 0-n an^ c is in the semi-open interval with endpoints c* := 
(l — £j c 1 + j,cP (included) and —N (not included). 

Proof. Since a and b — p are strictly on opposite sides of —N, we may assume that 
6 — p < — N < a by the usual Kelvin transform argument. 

(i) By l|1.3p . c 1 < —N < c°. Let c <G (—N,c°) be given. As in the proof of 
Lemma [4~3l it suffices to show that ||(1 — C) u ||c,r < C| J (1 — C) u \\{a.b},(q,p) and that 
||C M l|e,r < C||C u ll{a,6},(g,p) when u is radially symmetric. 

Since Supp(l - Q C R N \B(0, ±), it follows that (1 - ()u G W^ + . As a result, 
the argument of the proof of Case (i-i) of Lemma l4~3l based on Theorem l3.6l can be 
repeated verbatim with now 7:=^ — ^<1 — A. This shows that ||(1 — C) u lkr < 
C||(l - £HI{a,6},(g,p) since c < maxjcV'} = c°. 

The inequality ||C u llc,r ^ C||C M ll{a,b},(«3,p) cannot be obtained as in Case (i-i) 
of Lemma [4.31 because b — p < —A but C,u £ W l( ^ c , , so that Theorem 13.61 is not 
applicable. However, it can be proved with the trick used in Case (i-2) of that 
lemma: Since —N < c < c , part (i) of Lemma 14.31 can be used with b replaced by 
p~ N > b because a ^ — A and c 1 becomes — A when b is replaced by p — A while 
c° is unchanged. Thus, ||C«||c,r < C\ \C,u\ \{a^-N},{q, v ) while \\( u \\{a,p-N},(<i,p) ^ 
IIC u !l{a,b},(ij,p) since p — N > b and SuppC C B(0, 1). 

(ii) Observe that c 1 < c* < c° because q < r and c 1 < c° (recall b—p < —A < a), 
while 1 - 2 < 8-n ensures that -A < c*. 

Let then c G (— A, c*) be given. By using once again the fact that (1 — £)u G 
Wl Q l + since Supp(l - C) C R N \B(0, \) and Theorem [321 with 7 := \ - y < 1 - A, 



4 Since — N is between Co and c\ when a and b — p are on opposite sides of —N, it follows that 
-jv 6(0,1). 
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the argument of the proof of part (ii) of Lemma 14.31 (with obvious modifications) 
yields ||(1 — C)w|| c ,r < C| | (1 — C) u \\{a,b},(q,p) because c < c* = maxjcV 1 } • 

If c = c*, the same argument works with "fc = 1,£ = 0": Let v := (1 — 

0" e W& + and write |k,||^ r = J R „ M c >r = f Rlf ^r^XM^) |< < 



b-p + N 

\x\ p V 



b-p + N 

\x\ P V 



' "v\\l tq . Then, use Theorem EH with 7 := £ - ^ < 1 - N to get 

<C|M 6 , P . 

The proof of ||Cw|| c ,r < C| IC^I I {a,b>.(q.p) when c G (— AT, c*] proceeds as in (i) 
above, with minor modifications. If b > b, then c 1 := r ( b ~P +jV ) — N > c 1 and so 

c* := (l — ^) c 1 + > c*. Note also that c 1 is arbitrarily close to —N if b is close 
enough to p — AT. As a result, c is in the open interval with endpoints c* and c 1 
(even when c = c* ) provided that b > p — N is close to p — N, while a and b — p are 
both on the right of — N. Thus, part (ii) of Lemma [4731 is applicable with b replaced 
by b (unlike in (i), b = p — N cannot be chosen if p > 1 due to the requirement 
b — p —N to use part (ii) of Lemma |4~3"|) . □ 

We shall now prove optimal variants of Lemmas 14.31 andl 4. 41 To do this, we need 
a complement of part (i) of Lemma [374] in the radially symmetric case. 

Lemma 4.5. Let a,iel and 1 < p < 00, < q < 00 be given. If 1<^<& + 1 

and u G W^alf^ i s radially symmetric, then \u\^ G ^{ablf^' where 

4.3 p 5 := — - — — — > 1, <? 5 := - > and & c := + - )p e . 

Furthermore, \u\^ (is radially symmetric and) 

(4.4) || | u |«|| a ,, £ = \\u\\i i9 , \\d P (\u\t)\\ b( , P( < Cllulli- 1 ||0„u| \ b , p . 

Proof. If £ = 1, then = q,P£ = P and = 6, the case covered by Lemma 13. 4| 
which also shows that it is not restrictive to assume u > 0. From now on, £ > 1. 
The assumption £ < ^ + 1 ensures that > 1 in (|4.3p . 

That is radially symmetric, € L 9i s(R , |a;| a cfa;) and || |un|a,g* = IMIt.g ls 
obvious. It remains to prove that G L} oc (R^), that d p {u^) 6 L p « (R w ; |a;| b edx) 
and that the second inequality holds in (|4.4p . 

By part (iv) of Lemma l3.3[ u G ± C Wj*'* (depending upon whether a > —AT 
or a < -AT). Thus, from LemmaO u(x) = f u (\x\) with /„ G W^{0, 00), /„ > 
and d p u(x) = /' t (|a;|). Since £ > 1, it is clear that /J G W^(0, 00) and that (/J)' = 
ifi l f'u- Hence, once again by Lemma [37T1 v£{x) = f^[\x\) is in C Lj oc (R^) 

and d p (u*)(x) = UtKWLiW), ^(^) = &-%u. 

In general, if /i, ^ > 0, the multiplication maps x L v into L''+» and | \vw\\ ^ < 

IMUIIHIf This does not require /i > 1 or 1/ > 1 (just use G and 

|«;| m+v g L 1+ f r and Holder's inequality). Now, \x\ i | |^ 1 G L5^t(]R w ) since 

|a;| a |u|« G L 1 (R iV ) and £ > 1, and |a;|p(9 p u G L^l"). Therefore, |ac[ u^dpU G 
LP«( rJV ) with P€ and h S iven b y diSJl and 



6 « 






< 




Pi 



\X\ 1 \u 



£-1 



II kl p 5pu|| p = IMli^HSpwIlfM 

S-l 
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From the above, this implies d p (u^) £ IP^ (R N ; \x\ b ^dx) with \\d p (u^)\\ hiP( < 

Remark 4.1. If 1 < £ < min |q, ^ + l| , Lemma \4-5\ is true without the radial 
symmetry assumption. Indeed, if u £ W^ q ^ , then \u\^ £ L q ^{W N \\x\ a dx) C 
Lj oc (R^) and u £ W}^F C W 1,1 implies that \u\^ is locally absolutely con- 
tinuous on almost every ray through the origin (see Section^ with d p (\u\^) — 
CM^^sgnu^pW £ LPe(R N ; \x\ b ^dx) C L} oc (R?). This will be used elsewhere. 

Lemma 4.6. Let a,b,c £ R and 1 < p < oo,0 < q,r < oo be given and let 

6 := (1 - 2) (jL + 1) < 1 (< if r < q). The subspace of W^f of radially 

symmetric functions is continuously embedded into L r (JS. N ; \x\ c dx) in the following 
two cases. 

(i) a and b — p are on the same side of —N (including —N), a+ q N ^ b ~ p ^ N , c is 

in the open intervalwith endpoints c° and c 1 andd c > 9 (vacuous if r < q). 

(ii) a and b — p are strictly on opposite sides of —N,c is in the open interval with 
endpoints c° and —N and 9 C > 9 (empty set if 9 > #_at ). 

Proof. If r < q (so that 9 < 0) or if r > q and p = 1 (so that 9 = 1 — 2 ) , (i) follows 
from Lemma 14.31 (where b — p =/= —N is not required in part (ii) when p — 1) and 
(ii) follows from Lemma l4~4l From now on, r > q (so that 9 £ (0, 1)) and p > 1. For 
convenience, we set £ := + 1 > 1. In particular, the interval (1,£] is not empty, 
which is implicitly used below. 

(i) Let u £ W}£%y be radially symmetric. If 1 < £ < |, then, by Lemma T4. 5 1 

G W}^ ( y ( ^ with <7£ > 0,p^ > 1 and b^ given by (|4.3p . A routine verification 
shows that a and fe^ — p^ are on the same side of —A" (since the same thing is true 



of a and b - p) and that s+K ^ h^£±^L ( sinC e 2+^ ^ ^H±^) 

Furthermore, b^ — p^ =^ — N if £ > 1 (which need not be true if £ = 1 since 
b — p ^ —N is not assumed). Indeed, b^ — p^ = — iV amounts to ^^^(C — 1) + 



b ^ +jv = 0. Since a and b — p arc on the same side of — N, this can only happen if 
a+N = b—p+N = when £ > 1, which contradicts the assumption p ^ ■ 

Accordingly, from part (ii) of Lemma |4~31 with b,p, q and r replaced by b^,p^, q^ 
and s, respectively, (Mf ) L S (R W ; |:c| c cfe) whenever 1 < £ < |, < ^ < 

s and c is in the semi-open interval with endpoints a + ( s ~ft)(^~Pg +Af ) (included; 
this corresponds to c* with the parameters b^,p^,q^,s) and s ( b £~Pz +N > _ (not 

included; this corresponds to c 1 with the parameters 6j,pj,gj,s). Since r > q, and 
= | , the condition < q% < s holds when s — |. If so, the embedding inequality 

|| M«|k f < Q(|| \u\% t9t + \\d p (\u\t)\\ ktP( ) reads (use (O}) 

IMIlr < QdHlL + Nlt/H^IM ^ QdMk? + P P «lk P ) C , 

so that ||u|| C J . < C| 1 1 1 {a,E>} (g,p) - Above, c is in the semi-open interval with 
(distinct) endpoints ei (£) := a+ fczgM^E£±*Q (included) and e 2 (£) := r(bs ^ +jV) - 
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N (not included) and 1 < £ < £. Thus, when c e J := U^ e ^ * Jj, 

( 4 - 5 ) IMUr < C(||u|| a , g + ||<9 p w|| biP ), 

for some constant C > independent of the radially symmetric u G Wj^ p (M^) 

(specifically, C = C| for any £ such that c £ J 5 ). 

Since the distinct endpoints of depend continuously upon £, the lower (upper) 
endpoint e_(£) (e+(£)) is either ei(£) for every £ or e2(£) for every £. Hence, e± are 
continuous and never equal functions of £. With that remark, it is an easy exercise 
to show that J contains the open interval with endpoints inf e_ and supe + . 

If s ^^- > b ~ p +jV i then ei > e-i and both e\ and e2 are increasing functions 
of £, so that J contains (e2(l), ei(£)). In addition, since it contains ei(£) £ J*, it 
contains -and, in fact, coincides with- (e2(l), ei(£)]. 

If < h ~ P p N , then 62 > e± and both e\ and e2 are decreasing functions of 
£, so that J contains the open interval (ei(£), ea(l)). Once again, it also contains 
ei(£). Therefore, in all cases, J is the semi-open interval with endpoints ei(£) = 
9c 1 + (1 — 9)c° (included) and e2(l) = c 1 (not included). For every c in that interval, 
(|4.5p holds for some constant C independent of the radially symmetric u £ Wj^f . 
Clearly, J is equally characterized as the set of those c in the open interval with 
endpoints c° and c 1 such that 9 C > 9. 

(ii) First, since a and b — p are on opposite sides of — N, it is obvious that 
a±_N_ b ~P+ N i The proof will proceed as in part (i), but extra technicalities arise 
from the fact that the points a and — p^ (see (|4.3p ) need not remain on opposite 
sides of —N for all £ S [1, £]. 

Nonetheless, since 6j — is a strictly monotone function of £ equal to b — p when 
£ = 1 and since a and 6 — p are strictly on opposite sides of — N, there are only 
two options: Either a and b^ — are strictly on opposite sides of — N when £ = | 
-which amounts to a and ^ + y — 1 being strictly on opposite sides of —TV- and 
then the same thing is true for every £ S [1,£], or — P£ = — TV for some unique 
£ £ (1>£] 5 and then a and — p^ are on the same side of — N for every £ € [£oj£]- 

Case (ii-i): a and - + y — 1 are strictly on opposite sides of —N. 

Replace q,r,b,p by = |, r| = |,i>g = J? + £,pj = 1, respectively, in part 

(ii) of Lemma 14.41 and use that result with u replaced by |up. This is justified by 
Lemma 14.51 However, it is crucial to notice that, due to the change of parameters, 
the condition "1 — 2 < in Lemma FOl does not involve 9-n but, instead, the 

number #_jv given by the same formula (|1.4[) when c° and c 1 are replaced by c° 
and c 1 defined by (|1.3[) with the new parameters <7g,rg, &g,£>£. Thus, c° = c° but 

gi = r^ 1 («±^ + b -£iK^ -N, so that c 1 -c° - - ^) . With this 

remark, it is readily checked that 9-n = S.9-N, so that the condition 1 — — < 9-n 

ta»:= (£ + l) _1 <*-*. 

In summary, the continuity of the embedding is ensured if 9 < #_at and c is 
in the semi-open interval with endpoints c:= (l — f.) c 1 + = 9c 1 + (1 — 9)c° 
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(included) and — N (not included), which -since r > q- coincides with the set of 
those c in the open interval with endpoints c° and — N such that 9 C > 9. 
Case (ii-2): b^ a — pj = — N for some £ G (1,0- 

Since a and fe^ — p^ arc on the same side of — N for £ G Ko>£] an d smce 
b£—P£ 7^ — if ^ E (£o>£]> P ar t (ii) of Lemma l4.3l with m replaced by and q, r, b,p 
replaced by respectively yields that the subspace of wM'l (M^) of 

radially symmetric functions is continuously embedded into L r (M. N ; |x| c da;) for 
every c G J := |]^5' w bere is the semi-open interval with endpoints 

ei(0 := a + {r - q) ^- p ^ N) (included) and e 2 (0 := r(b ^ +N) -N (not included). 
Both endpoints are distinct (because 9l±K ^ fe-p+N ^ anc j on saine gj^g f 
when £ > £ . By arguing as in the proof of (i) above, J is found to be the semi-open 
interval with endpoints ei(£) = c = 9c 1 + (1 — 9)c° (included) and e2(£ ) = — N 
(not included), exactly as in (ii-i). Therefore, the final argument is also the same. 
Case (ii-s): b^ Q — p^ Q — —N with £ = |. 

Since a and 6| — p^ are on the same side of — N and since pg = 1, it suffices 

to use part (ii) of Lemma 14.31 with u replaced by \u\^ and q,r,b,p replaced by 
f,|,6g = | + ^,Pg = l, respectively. □ 

It is informative that even if q, r > 1 in Lemma l4.6[ the proof involves part (ii) of 
Lemmas 14.31 and 14.41 when q, r > (q, r > 1 is not enough). The next theorem gives 
necessary and sufficient conditions for the continuous embedding of the subspace 
of radially symmetric functions. 

Theorem 4.7. Let a, 6, c G K, 1 < p < 00 and < q, r < 00 and set 8 := 
(l — ^) (jL _|_ ij , J7jg subspace of W^ 1 ^ of radially symmetric functions is 

continuously embedded into L r (W N ; \x\ c dx) (and hence into Wl^A ) if and only if 
one of the following conditions holds: 

(i) a and b — p are on the same side of —N (including —N), a+ ^ N ^ b ~ p p +N , c is 

in the open interval with endpoints c° and c 1 and 9 C > 9 (vacuous if q > r). 

(ii) a and b — p are strictly on opposite sides of —N,c is in the open interval with 
endpoints c° and —N and 9 C > 9 (empty set if 9 > 9-n )■ 

(Hi) r > p, a < — N and b — p < —N or a > —N and b — p > —N, c = c . 
Furthermore, there is a constant C > such that 

(4-6) |M|c,r < C\\d p u\\ b , p , 

for every radially symmetric function u G W}^ *i . 

(iv) r — q and c = c° (= a), or p ^ q, min{p, q} < r < max{p, q}, a+N — b ~ p p +N 7^ 
and c = c (= c 1 ). Furthermore, there is a constant C > such that 

(4-7) \\u\\ c ,r<C\\d p u\\{ p \\u\\l- e , 

for every radially symmetric function u G Wj^^ , where 9 — if r — q and c = a 
and 9 — p ( r ~ q \ otherwise. 

(v) a — —N,b = p — N,r > q and c = c° (= c 1 = —N). Furthermore, there is a 
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constant C > such that 

(4-8) \\u\\- N ^<C\\d p u\f p _ N J\u\t-l q , 
for every radially symmetric function u S Wj^? . 

Proof. The theorem is (as it should be) equivalent to Theorem 11.11 when N = 1 

(in particular, p* — oo regardless of p and i — — | = — + ~J) and a, &, c 

replaced bya + iV — 1,6 + iV— 1 and c + AT — 1, respectively. Since the hypotheses 
of Theorem 1 1.1 1 are necessary (Section [5]) , the necessity follows. 

The sufficiency of parts (i) and (ii) was already proved in Lemma 14.61 To com- 
plete the proof, we show that parts (hi), (iv) or (v) are also sufficient. 

(hi) By Kelvin transform (Remark ll.2l) . we may assume a < —N and b—p < —N. 
In particular, u G W^ ' c + by part (iv) of Lemma l3.3l By part (i) of the same lemma, 
we may also assume u > with no loss of generality. Then, u(x) = f u (\x\) with 
fu 6 W^(0,oo),/ U > and Km^o+Mt) = 0, so that f u (t) < f* \fl(r)\dr by 
(13~^1) with 7 = 1 - N and / = /„. 

On the other hand, 

(iT* 1 ^" 1 Of ^ dT ) d ) ± c ^-'imi^f . 

by a weighted Hardy inequality of Bradley for nonnegative measurable functions 
on (0, oo) ([5j Theorem 1], [T71 p. 40]) inspired by Muckenhoupt [19] when r = p. 
This yields gl]) since c = c 1 = r(b ~^ +Ar) - TV and d p u{x) = f' u (\x\) (LemmaE!}. 

(iv) This is trivial if r = q and c = a. From now on, p =/= q and r is between p 
and q (both included), so that r = jip + (1 — /i)g where ^ = £ [0, 1], whence 



H(b - p) + (1 - /i)a = c° = c (use 6 - p = p(a+jv) - N). Thus, if it is measurable 



i 

J RN \x\ c \u\ r = J Rjv (|x|''- p |w| p )^(|x| a |M|«) 1 -^ and, by Holder's inequality, 

(4.9) ii«ii^<ii«n^ P ii"iii!r )9 - 

Since SddL — b-p+N i q froth a an( ^ ^ _ „ are on ^ ne same gj^g f anc | 
neither equals — N. Therefore, when u G is radially symmetric, ||w||(,_ P) p < 



C||<9 P it ||f, !P by (hi) with r = p (hence c — b — p). By substitution into 

Nkr < qiM&MI^ = qi^HtlMI^ with <9 = M ? = PgEg- This 

proves (|4.7|) and hence the embedding property as well. 

(v) If r > iV = 1 and a = 6 = c = 0, it follows from part (i) of the theorem 
if p = 1 and from its part (ii) if p > 1, that the subspace of even functions in 
the unweighted space ^'-(^(l.) is continuously embedded into Z/(R). In this 
one-dimensional setting, this readily implies the same result without the evenness 
assumption, i.e., W 1 '( q ' p \M.*) -4 L r (R), and then 

(4-10) \\9\\r<C\\g%\\g\\l- e , 

for g G W l, ( q,p )(M*) by the usual rescaling argument. In particular, (14.10[) holds 
with g e W 1 '( g,p )(M) (if 5 £ C^°(R) and g > 1, this also follows from ©). 
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Now, as in (iii), if u G W}^p_ N \ is radially symmetric, then u(x) — f u {\x\) with 
fu 6 W£(0,oo) and d p u{x) = %Qx\), so that \\u\\ q _ Nq = Nlo n t" 1 ]/«(*) I'* < 
oo and H^uH^ = Nu N f °° t^lf^dt < oo. 

On the other hand, with g(s) := /«(e s ), it is readily checked that g G W 1 ^ p) (R) 
with \\g\\l = f™t- l \f u (t)\«dt and = / °° Therefore, flED} may 

be rewritten as ||u||_jv,r < C||^ u llp_iVpll u ll-"iVg- This completes the proof. □ 

Remark 4.2. Since and ^^'(I^) contain the same radially symmetric 

functions and the induced norms are the same, Theorem |^.7| is also true when 
W$f *s replaced by W$f(XL?). 

Remark 4.3. In part (ii) of Theorem ^. 1\ the admissible interval is empty if 9 > 
6-N, which can only happen if r > q. However, a careful examination of the proofs 
reveals that the subspace of (radially symmetric) functions with support in a ball 
B centered at is continuously embedded into L r (M. N ; |a;| c (ia;) if c > —N when 
b — p< —N < a and if c> c (even ifc= —N) when a < —N < b — p. For functions 
with support in R N \B the conditions (c < c if b — p < —N < a and c < —N if 
a < — N < b — p) follow by Kelvin transform. Details are left to the reader. 

5. Embedding theorem when 1 < r < min{p, q} 

We now extend Theorem 14 .71 to the non-symmetric case when 1 < r < min{p, q}. 
To do this, we need the following refinement of part (ii) of Lemma [331 

Lemma 5.1. Let a, b G R and 1 < r < p,q < oo be given. If u G W}^f , then 
V := [(\u\ r )s]r e W^l^. Furthermore, ||u|| a ,g < IN kg and \\d p v\\ biP < \\d p u\\ bjP , 

SO that ||«||{o,b},(g,p) < IMI{a,6},(g,p)- 

Proof. By part (i) of Lemma l3.4[ |u| G ^{ab}^ so ^ na ^ ^ * s n0 ^ restrictive to assume 
u > 0. Since v(x) = [f u -{\x\)]~ with f u r(t) := (Nlon)- 1 J s jv_i u r (to~)do~, it follows 
from r < q and Holder's inequality that (v(x)) q < (Nujn)^ 1 J§n-i u q (\x\cr)da. 
Thus, ||«||o,g < IN kg is clear. 

We now show that d p v G L P (R N ; dx) and prove the desired estimate. For- 
mally, if h := {fu r )r, then h' — h(fu r )~r r fL r but, by the de la Vallee Poussin crite- 
rion ([29], OH Lemma 1.2], [25l Corollary 8] ) , this formula holds and h G W^(0, oo) 
if and only if f u r G W io ' c (0, oo) and (f u r )~ ^ f' u r e ^joc(^' °°)' w ^ tn ^ ne understand- 
ing that (fu r ) f^r = when f' ur = 0, irrespective of whether (fu^)" 77 is defined. 
Since f' ur = a.c. on (/u»-) _1 (0), this amounts to defining (f u r )~~ f' u <- = on 
(.f^rHO). Thart (Ur)-£ft r G ^L(°>°°) is verified below - _ 

First, n G Wj 'g since r < p,q. By Lemma 13.21 u r G (so that f u r G 

W io ' c (0, oo)) and d p (u r ) = ru r ~ 1 d p u. Upon replacing u by u r in (|3.2p and by 

1 i 

Holder's inequality, it follows that \f^ r \ < r(f U T) r T {(Nuin)^ 1 f SN _ 1 \d p u\ r da) r < 
r(/«r)£ ((iV^Ar)" 1 |9 p u|fda)^. Since {f u r)-£ ft r = on (/ M .-) _1 (0), this 
yields (f u r)-*\f u r\ <r ((JVw^)" 1 /^-! IM p <fc)* G ^(O.oo) C 1,^(0, oo). 
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From the above, h £ W^(0, oo), h' — \{fu r )~~ f' u r and, in addition, |/i'(f)| < 

{{Nujn)" 1 J sn _, \d p u(ta)\ p day . Since d p v{x) = h'(\x\) by LemmaO \d p v{x)\ p < 
(Nun)- 1 J gjv-i \d p u(\x\a)\ p da, so that || d p v\\ btP < \\d p u\\ b , p . □ 

Theorem 5.2. Let a, b, c G M and 1 < r < p, q < oo be given. Then, Wj^f <-} 
L r (M. N ; \x\ c dx) (and hence Wj^f^ <-t Wj^y ) in the following cases: 

(i) a and b — p are on the same side of —N (including —N), a+ q N ^ b ~ p p +N and c 
is in the open interval with endpoints c° and c . 

(ii) a and b — p are strictly on opposite sides of —N (hence Sl+K ^ b ~ p ^~ N ) and c 
is in the open interval with endpoints c° and —N. 

(Hi) r = q < p and c = a. 

(iv) r — p < q, a < —N and b — p < —N or a > —N and b — p > — N, and c = b — p. 

Proof, (i)-(ii) Set v := [(\u\ r ) s ]k By LemmaEU V e W$f and ||«|| { a,6},(,,p) < 
||w||{o,6},(g,p)' Thus, since v is radially symmetric, it follows from parts (i) and (ii) 
of Theorem 14.71 (where 6 C > 6 holds since 9 < 0) that ||w|| c ,r < ^ll u ll{a,5},(«,p)> 
where C > is independent of u. The conclusion follows from the remark that 

\\v\\c,r = \\u\\ c ,r- 

(iii) is trivial. 

(iv) Argue as in (i)-(ii) above, now using part (iii) of Theorem 14.71 with r — p. □ 

When W^jf is replaced by the smaller space (R^ ) , Theorem 15.21 co- 

incides with Theorem 11.11 when 1 < r < p, q < oo. Indeed, r < min{p, q} implies 
r < min{p*, q}, so that the inequality 9 C fi — — ^ < £ — | holds for every c in 
the closed interval with endpoints c° and c 1 (Remark II. ip . 



6. The Caffarelli-Kohn-Nirenberg Lemma and application 

The reduction to the radially symmetric case in the previous section cannot be 
used when r > min{p, q}. Consistent with the strategy outlined in the Introduction, 
this section is devoted to the formulation and proof of an embedding property for 
a direct complement of the subspace of radially symmetric functions. 

It will be necessary to confine attention to the space Wj^f' (K^ ) (as opposed to 

wM'j ), because integrability conditions about all the first order partial derivatives 
are implicitly required. While phrased differently and under less general conditions, 
Lemma 16.11 below is already contained in [B] . 

Lemma 6.1 (CKN lemma). Let a,b,c 6 K and 1 < p, q,r < oo be given and 
suppose that there are 5 < - and #6 [0,1] such that: 
(i) £ =0£ + (l-0)§. 

(it) r £±K = d b^p±N \ (1 _ 6 )2±K. 



Then. 



(Hi) SZ + ii^il > 1. 
P 9 — 



(6.1) Wo := {u E W$f(R?) : u s = o} L r (R N ; \x\ c dx) 
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and there is a constant C > such that 

(6.2) IMIcr<^||V«||g iP ||tt||^ J Vue W . 

Proof. Of course, it suffices to prove (|6.2p . For t > 0, let Q T denote the annulus 
{x G : r < |x| < 2r}. Under the conditions (i) and (ii) of the lemmE0, it is 
shown in [6j pp. 262-263] that the unweighted inequality 

(l-B)T- 



(6.3) / \u\ r <C[ / |V«|" / |«|« 
JOi V/fii / yfii 

holds for some constant C and every u G C yD (M. N ) such that u = 0. The proof 
relies on the Gagliardo-Nirenberg and Sobolev inequalities. (Since a, 6, c are not 
involved in (|6.3I) . what matters is the relation \ = ® {j, ~ at+t) + (1 — with 
7 > 0; that 7 = ^| — from (i) and (ii) combined, is not relevant at this stage.) 

From the geometric properties of fii , the denseness of Cfi° (K ) in the unweighted 
space W^'^iSli) := {u G £ 9 (^i) : Vu G L p (Oi)} is routine (see [3J, [23] for more 
general results) and it is trivial that denseness remains true if, in both spaces, 
attention is confined to functions with mean on £7i . Thus, (|6.3|) continues to hold 
for u G W 1 ^^) such that J^u = and hence for u G wM^QRf ) such 
that J" n u = since, irrespective of a and 6, the restrictions to Qi of functions in 

W {a% P) ( R *) are obviously in W 1 '^^). 

If x G ili, then |a;| a , \x\ b are bounded below and \x\ c is bounded above. Thus, 

after changing C, (EH) yields J n± \x\ c \u\ r < C (f Qi \x\ b \Vu\ p ^ " (f Qi \x\ a \u\A " 

for every u G Wi^f 0^*0 sucn that J 0i w = 0. By rescaling and using (ii), this 
implies, with the same C independent of r, 

(l-9)r 

(6.4) / \x\ c \u\ r <C[ I \x\ b \Vu\ p ) " ( / \x\ a \u\ q ' 



for every u G W}^f^ (M*?) such that J n it = 0. In particular, (|6.4j) holds for every 
r > and every « G Wo defined in (|6.1j) . 

It is also observed in [6j p. 268] that if k G Z and Ak,Bk > and if a, /3 > 
satisfy a + j3 > 1 , then 



(6.5) 



fceZ \fceZ / \fcez / 



where the first (second) factor on the right is 1 when a — ((3 = 0). Thus, when 
condition (iii) holds, jOJ) follows from flO) and (JOJ with r = 2 fe , fc G Z. □ 

There is a clearer and more convenient formulation of Lemma 16.11 



Corollary 6.2. Let a, b, c G M. and 1 < p, q, r < 00 &e given, 
(i) If a+ q N fc ~p +jV arl ^ c * s * n ^ e dosed interval with endpoints c° 
Wo <-> L r (R JV ; |a:| c cfa:) z/ i/ie following conditions hold (with C given b 
(i-i ) Either r = q and c — c° (= a) or c ^ c° and #c (| — ]^ — |1 < 7 ^ | 



"'None of the other assumptions in [6] is involved. 
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(i_ 2 ) + (i^ml > i, 

p q — 

(H) If ^ = t=2 f ]1 and c = c° (= c 1 ), then W ^ L r (R N ; \x\ c dx) ifmm{p,q} < 
r < max{p*, q}. Furthermore, there is a constant C > such that, for every u G Wo, 

(6.6) Mkr < C||Vu||&, P ifp<r<p*, 

(6.7) |M| c>r < C||Vu||g jP ||«||;- fl ifr^qorifp^q and 

min{p, q} <r< max{p, q}, 

where 9 := r(p-g) if p ^ q and 9 — if p = q = r. 

Proof, (i) Suppose sdM ^ b ~P+ N , By (HH), condition (ii) of Lemma O holds if 
and only if = C . If r = q and c = c° = a, so that 9 c o — 0, condition (i) of Lemma 
16.11 holds with any <5. On the other hand, if c / c°, then 9 C G (0, 1] and condition 
(i) of Lemma holds with 5 = + ~ £t • Hence, S < | -as required 

in LemmalT} if and only if C (± - - ±) < i - |. Thus, Wo ^ ^(R^; |x| c cte) 

if a i so <Ll + l±=h)L > i. 
p q — 

(ii) Suppose = & ~^ +jv and let c = c° = c 1 . Then, condition (ii) of Lemma 
16. II holds with any 9 G [0, 1]. Thus, it only remains to show that if min{p, q} < r < 
max{p*, q}, then S < | and G [0, 1] can be chosen such that ^ = 0<S + (1 — 0)| 
and that ^ + C 1 " )' > 1. If so, all the requirements of Lemma [6.11 are satisfied, 

whence W ^ L r (R N ; \x\ c dx). 

Observe that min{p, q} < r < max{p*,q} if and only if either p < r < p* or 
p q and min{p, q} < r < max{p, q} (possibly both). If p < r < p* , we may choose 
S = ^ = ^ + ^- ^--l<^ (since r < p*) and 9 = 1, so that ^ + = £ > 1. 

r p p r — p v — ^ / p g p — 

Then, ([EI]) follows from (jO]) . 

If nowp ^ q and min{p, q} < r < max{p, q}, let be defined by i = - + i.e., 
= Sisnl, Obviously, er + ii^ll = 1 but it must be checked that £ = 65+(l-6)± 

r(q—p) J 1 p q 1 r Q 

for some 5 < -. Since c = c° and = b ~P +JV , a straightforward verification 

— p q p ' G 

shows that f = 05 + (1 - 0)2 with 5=^-1. Thus, ^£7\ follows from (JO]). Of 
course, (|6.7p remains true with = if p = q = r. □ 

While Corollary 16.21 gives sufficient conditions for Wo L r (K Ar ; |x| c dx), nec- 
essary and sufficient ones for W ra d ^ L r (R Ar ; \x\ c dx) are listed in Theorem 14.71 
where W ra d is the subspace of radially symmetric functions in Wj^ m.^(R*0- Thus, 
W^j. p) (R£0 ^ L r (R w ; |a;| c dx) can be inferred from the remark that Wr^f^Rf ) = 
W ra d © Wo together with the following obvious lemma: 

Lemma 6.3. Let X and Y be normed spaces and let X\ and X2 be two subspaces 
of X such that X = X\ © Xi (topological direct sum). Then, X » Y if and only 
ifXi ^ Y,i = 1,2. 

The relation Wj^jf (Rf ) = W rad © W reflects the equality u = u s + (u - it s ) 
with us the radial symmetrization of u, that is, = with f u given by 

([371]). Then, u s G W ro d and | [us| |{ ,b},(<?,p) < I l«l l{a,b},( g , P ) < IMkg + []Vu||b )P by 
part (ii) of Lemma T3.41 which proves the continuity of u ^ ug (Wj^f^ (R^) and 
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W^ 'j contain the same radially symmetric functions and the induced norms are 
the same). That u — us G Wo and W ra a D Wo = {0} is trivial. 

The principle outlined above is simple, but it cannot always be implemented in 
a straightforward way, primarily because the condition (i-2) in Corollary 16.21 is far 
from being necessary. The case when r < mm{p, q} (Section [5]) is one, but not 
the only, example. In practice, this means that Corollary 16 . 2 1 alone does not always 
suffice to prove that Wq ^4 L r (R N ; \x\ c dx) under optimal conditions about c. Other 
arguments will be needed, most notably Theorem l5.2l (but with other parameters); 
see the proofs of Lemma 17.21 and of Theorem 19.11 



7. Embedding theorem when p < r < q 

In this section, we discuss the embedding W^lf\R?) ^ L r (R N ; \x\ c dx) when 
p < r < q. Together with Theorem 15.21 (when 1 < r < min{p, q}), this will settle 
the issue when 1 < r < q. 

Theorem 7.1. Let a,b,c G K and l<p<r<q<oobe given. Then, 
W$f(R?) ^ L r (R N ; \x\ c dx) (and hence w£lf(K?) W^ffM?)) m the 
following cases: 

(i) a and b — p are on the same side of —N (including —N), a+ q N ^ fc ~^ +jv , c is in 
the open interval with endpoints c° and c 1 and 9 C (^ — j? ~ — r ~ q' 

(ii) a and b — p are strictly on opposite sides of —N (hence a+N 7^ b ~ p ^ N ), c is in 

the open interval with endpoints c° and —N and @c(h ~ Jf ~ — r ~ q' 
(Hi) r = q and c = a. 

(iv) r < p* , a < —N and b — p < —N or a > —N and b — p > —N, c — c 1 . 

( v ) 2±AL = b^p±N and c = c 1 (= c°). ' 

7.1. Proof of parts (i) and (ii). In this subsection, we assume ^ b ~ p ^ N ■ 
Let < 9 < 1 denote the largest value of 9 such that ( — — -jj? — - ) < - — - , that 

— — ° V p JV q J — r q 5 

is, since r < q is assumed, 

1 if r <p*, 

. \ -1 

< 1 if p < N and r > p* 

and call c the corresponding value of c, namely, 
(7.2) c := 9c 1 + (1 - 9)c° 

(so that 9 = 9c] see ([O]) - ). Since ^ b ~P+ N , the points c° and c coincide if and 
only if 9 = 0, i.e., r = q > p* , and then c — c° = a by (jl.3l) . 



(7.1 



1 




1 1 




r 




N 


1 



Lemma 7.2. // ^f- Sz^K and c is given by (Tip and f7%j) , the subspace W ( 







"/^{a '} * n * s continuously embedded into L r (R N ; \x\ c dx) for every c 

in the interval J with endpoints c (included) and c° (not included, unless r = q). 

Proof. If r = q, the embedding Wq °->- L r (R N ; \x\ c dx) for c G J follows from part 
(i) of Corollary IO since #c (5 - ^ - ~) < ~ - 5 = by definition of J and 



C r 



^ + (1 — 6 C ) > 1 irrespective of 9 C G [0, 1] since r > p is assumed. 
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From now on, r < q and c° ^ J. Observe that the set {c G R : Wo » 
L r (IR JV ; |x| c <ix)} is always an interval (in this statement, Wo may be replaced by 
any normed space of measurable functions on R-^). Thus, to prove that this interval 
contains J, it suffices to show that Wq ^ L r (Ht N ; |cc| c da;) when c = c and when 
c G J is arbitrarily close to c°. 

The embedding Wo L r (R N ; \x\ E dx) follows once again from part (i) of Corol- 
lary since 6 (± - ± - |) < £ - ± by definition of and ^ + > 1 by a 

simple calculation (obvious if 9 = 1; otherwise, use p < N and q > r > p*). 

To complete the proof, assume that c £ J is close to c°, so that 6* c > is small. 
If so, condition (i-2) of Corollary 16.21 fails when r < q and this corollary cannot 

be used. Nonetheless, we shall prove by another argument that Wj^ly(R^) <-> 

L r (R N ; \x\ c dx) in this case, a stronger result than actually needed. 

Define c := (b~ P )( q ~r)+a(r~ P ) and nQte ^ by Q _ = ^) g ^ ^ (rec&11 

p < r < g), so that 2 ^ c . Both the open intervals with endpoints c° and c ^ c° 
or c =^ c° consist of convex combinations of c° and c . Thus, they intersect along a 
nontrivial open interval having c° as an endpoint. As a result, it suffices to show 
that W}£lf(M.* ) L r (R Ar ; |x| c dx) for c close enough to c° in the open interval 

J with endpoints c° and c. 

Given any such c, set <r := c - a^5f and 7 := ^ g (0, 1). If u G W^f >(Rf ), 
write |a;| c |M| r ' = |x| <T |M| P7 |;E| c ~ cr |u|''~ P7 and use Holder's inequality to get 

(7.3) / \x\ c \u\ r dx < ( [ \x\y\u\ p dxY ( [ \x\ a \u\ q dx 

By parts (i) and (ii) of Theorem l5 . 21 with c replaced by d and r replaced by p (since 
p = min{p, q}), there is a nonempty open interval / with endpoint d° := P( a + N '> —N 
and second endpoint between d° and d 1 := b — p (specifically, b — p or —N), such 
that wM^ p) (Rf ) ^ LP{R N ; \x\ d dx) when d £ I. 

When c is moved from c° to c, the point d := — = — ^ a ( r ~ p ) moves from d° 
to b — p. Therefore, d G I for c in some nonempty open subinterval 7 of J having 
c° as an endpoint. From the above, W^ iq b f (Rf ) ^ ^(R^; |z| d dx) when cel. 
By Corollary 12. 2[ this embedding is accounted for by a multiplicative inequality 
of the type (|2.3I) (with c replaced by d and r replaced by p), namely luH^p < 

CHVwIlb.pllwll^ 9 " with #d : = irz^r- Since d = ^ tlie substitution into (O yields, 

when c G 7, the inequality ||u|j c , r < C\\Vu\\l p \\u\\ 1 a -' / for u G (Rf ) , where 

f = pl ^ d G (0, 1). In turn, this implies a corresponding additive (i.e., embedding) 
inequality. □ 

Proof of part (i): If 6 = in (|7.1[) (so that r — q > p*), no c in the open interval 

with endpoints c° = a and c 1 = 9(fe ~^ +A ° - TV satisfies #c (| - ^ - |) < f - f 

since # c > and 9 C < 8 = are contradictory. Thus, there is nothing to prove. 

If < 6 < 1, so that c ^ c°, Lemma O ensures that W L r (M w ; \x\ c dx) for c 
in the semi-open interval J with endpoints c (included) and c° (not included, unless 
r = q). Meanwhile, by part (i) of ThcoremgTl W rad c — > L r (R Ar ; |ar| c dx) for c in the 
open interval with endpoints c° and c 1 (since < when r < q). Thus, by Lemma 
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< 



W^ly \M.^) t -> L r (WL N ; \x\ c dx) for c in the intersection of these two intervals. 
By definition of 9, this intersection is the set of those c in the open interval with 
endpoints c° and c 1 such that 9 C — — ^\ 

Proof of part (ii): Once again, it is not restrictive to assume < 9 < 1. By 
part (ii) of Theorem 14 .71 W ra d L r (WL N ; \x\ c dx) for c in the open interval with 
endpoints c° and —N (since < 0) and, by Lemma El W ^ L r (K w ; \x\ c dx) for 
c in the semi-open interval with endpoints c° and c c° since 9 > 0), including 
c but not c°. Hence, by Lemma [OJ W^j p) (Rf ) L^R^; \x\ c dx) for c in the 
intersection of these two intervals, which is the set of those c in the open interval 
with endpoints c° and — N such that 9 C — jj — |^ < i — |. 

7.2. Proof of parts (iii), (iv) and (v). Since part (iii) is obvious, it only remains 
to prove (iv) and (v). If ^ ^ ^=^- (so that c 1 ^ c°), the proof of (iv) follows 



from Lemma 16.31 from part (iii) of Theorem 14.71 and from part (i) of Corollary 
(recall 9 c i — 1 and p < r < p*). The use of part (ii) of Corollarv l6. 21 instead of part 
(i) yields (v), which in turn implies (iv) when ^^i^ = b ~ p + N . 

8. Embedding theorem when r > q > 1 and r > p 

Throughout this section, we assume r > q > 1 and r > p. If also (p < N and) and 
r > p*, it follows from Theorem O and part (i) of Theorem ED that Wf^f ^Rf ) 
is not continuously embedded into any L r (R N ; x| c dx). Thus, it is not restrictive to 
confine attention to the case when r < p* . 

If <i±M. ^ &=£fcj[ ; the combination r > q and q < p* (i.e., I + ^ - I > 0) shows 

that the necessary condition for the embedding W /r | a ^} P ^(R^) c — >■ L r (R Ar ; | or | c cZjc ) 
given in part (i) of Theorem 12.31 is 9 C > 9 > where 

(8.1) 9 



1 






1 


1 


r 




G- 


JV 
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This formula is the same as in (|7.ip . but now 9 is the smallest value of € [0, 1] 
such that 9 (|j — — ij < i — -|. Note that indeed < 1 because r < p* (and 

= 1 if and only if r = p*). Equivalently, c must belong to the closed interval with 
endpoints c := 0c 1 + (1 - 9)c° (as in (17721 ) and c 1 . 

In addition, p < r < 00 ensures that the subspace Wo in (|6.ip is continuously 
embedded into L r (M. N ; |:r| c <iir) for c in the closed interval with endpoints c and c 1 . 
This follows from part (i) of Corollary 16.21 since ^ + r ( 1 ~ 8c ) > 1 irrespective of 
9 C G [0, 1]. We record this result for future reference. 

Lemma 8.1. Let a, b, c € R and 1 < p, q,r < 00, be such that r > q > l,r > p and 

a+N / b-p+N 
1 ' P 

the closed interval with endpoints c and c 1 



^ b-p+N _ jj- lg gmen by |gjp and then Wq ^ L r (R N ; \x\ c dx) for c in 



Lemma 8.2. Let a, b £ R and 1 < p,r < 00, 1 < a < r < p* be such that 
a±M ^ t^K_ if ■= (l - 1) (± + lj and 9 is given by (HO]) , then < 9 < 9. 

Proof. An explicit calculation (using q < p*). □ 
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Theorem 8.3. Let a, b, c 6 K and 1 < p, q, r < oo be such that 1 < q < r and r > p. 

Then, Wl£lf(M») ^ L r (R N ; \x\ c dx) (and hence W$f(Ji») W$f(K?)) 
in the following cases: 

(i) a and b—p are on the same side of —N (including —N), a+ q N ^ ~ P J~ N > c * s ^ n 

the open interval with endpoints c° and c 1 and ^c{^~ J? ~ — r ~ g' 

fw) a and 6 — p are strictly on opposite sides of —N (hence a+ q N ^ b ~^ +jv c is in 

the open interval with endpoints c° and —N and C ^~ — — ^ 7 — \- 

(Hi) r < p* and either a < —N and b—p < —N, or a > —N and b—p > —N, c — c . 
(iv) a = —N, b = p- N,q<r<p* and c — c° (= c 1 = - N). 

Proof, (i) If r > max{g,p*}, the condition 9 C — — < ^ — i never holds and 

there is nothing to prove. Accordingly, assume r < p*, so that 9 < 1. Since # < 0, it 
follows from part (i) of Theorem 14.71 that Wr ae 2 L r (M. N ; |x| c (ia:) for every c in the 
semi-open interval J with endpoints c (included) and c 1 (not included). Therefore, 
by LemmaOand LemmaESl Wk^f(R^) L r (R N ; \x\ c dx) for c e J. By defi- 
nition of 0, it is plain that J consists of those c in the open interval with endpoints 
c° and c 1 such that 6 C (± - £ - ±) < £ - \. 

(ii) As in (i), it is not restrictive to assume r < p*. Then, 9 < 9 by Lemma |8~21 
while 9 C >9 for every c satisfying the specified conditions. Thus, the result follows 
from part (ii) of Theorem 14.71 Lemma 18.11 and Lemma 16.31 

(iii) Use part (ii) of Corollary I6.2[ part (iii) of Theorem 14.71 and Lemma 16.31 

(iv) Use part (ii) of Corollary 16.21 part (v) of Theorem 14.71 and Lemma 16.31 □ 

9. Embedding theorem when 1 < q < r < p 

If q < r < p, then r < p* . Thus, as in the previous section, 9 in (|8.ip is the 
smallest 9 E [0, 1] such that 9 (| - ^ - |) < £ - K Clearly, 9 G (0, 1). 

Theorem 9.1. Let a,6, c £ K and l<g<r<p<oofc given. Then, 
W {a q b} P) ( R *) ^ L r (R N ; \x\ c dx) (and hence wQlffM?) ^ W^ {r b f(R?)) in the 
following cases: 

(i) a and b — p are on the same side of —N (including —N), a+ ^ N ^ b ~ p J~ N , c is in 
the open interval with endpoints c° and c 1 and 9c(h~ J? ~ q^j — r ~ q' 

(ii) a and b — p are strictly on opposite sides of —N (hence a+ q N ^ b ~ p ^ N ), c is in 

the open interval with endpoints c° and — N and 9 C — jif ~ — 7 — \- 
(Hi) a±N = b^p+N, {) andc = c = c l. 

(iv) a = -N, b = p - N and c = c° (= c 1 = -N). 

Proof, (i) As in the proof of Lemma [7.21 let c := ( fc ~p)('?~^H a ( r ~p) ; so that, by 
(jl.4[) . 9 :— 9c — r(g-p) e ■'■)• ^ c ' s m ^ ne semi-open interval with endpoints 
c° (not included) and c (included), then < 9 C < 9. A routine verification reveals 
that condition (i-2) of Corollary 16.21 holds but condition (i-i) holds if and only if 
9 C > 9 and 9 > 9 by another simple verification. Thus, by Corollary 16.21 Wq 
L r (R N ; \x\ c dx) if c is in the closed interval K with endpoints c in (|7.2j) and c. 
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By part (i) of Theorem 14.71 W ra d L r (R N ; \x\ c dx) if c is in the semi-open 
interval with endpoints c := 9c 1 + (1 — 9)c° (included) and c 1 (not included) 
and, by Lemma E2J this interval contains K. Thus, by Lemma \6.3\ it follows that 
W {a% P) ( R *) ^ L r (R N ; \x\ c dx) when c e K. 

This is not yet the desired result, but W^^QRf) i r (M 7V ; |x| £ cfe) since 

5 g K, so that W^fW ) ^ W$f(R» ). Now, ^ (because < 1) 

and c and 6 — p are on the same side of — A (because the same thing is true of a 
and b — p). Therefore, by part (i) of Theorem 15 . 21 with a and q replaced by c and r, 
respectively (use r = minjj?, r}), Wh^f\R^) L r (R N ; \x\ c dx) for c in the open 
interval with endpoints c and c 1 . 

Altogether, Wk^ffE*) L r (R N ; \x\ c dx) for c in the union of K with the 
open interval with endpoints c and c , that is, the semi-open interval with end- 
points c and c 1 . By definition of 9, this interval is the set of those c in the open 

interval with endpoints c° and c 1 such that 9 C — — < i — i. 

(ii) If 0_at < 0, there is nothing to prove since no c satisfies the required condi- 
tions. Suppose then 9-n > 9. As in the proof of (i) above, Wq L r (R N ; \x\ c dx) 
if c is in the (nontrivial) closed interval K with endpoints c and c. On the other 
hand, since 9 < 9 by Lemma I5T21 and < #_jv, it follows from part (ii) of Theorem 
14.71 that W r ad i r (R ff ; |x| c dx) if c is in the semi-open interval J with endpoints 
c := 9c 1 + (1 — 9)c° (included) and — N (not included). Therefore, by Lemma P6 .31 
W^ q b f(R?) ^ L r (R N ; \x\ c dx) when c <E K (~) J. 

Since 6 < 9 < #_at, it follows that c S if n J is an endpoint of K n J. Since 
also 9 < 9, the second endpoint can only be — A" or c. If 6*_jv < then K H J 
is the semi-open interval with endpoints c (included) and —A (not included). If 
#_jv > then An J is the closed interval with endpoints c and c. Yet, once again, 
Wj^ly (R^ ) A r (IR Ar ; |a;| c c?x) when c is in the semi-open interval with endpoints 
c (included) and — A (not included), as shown below. This proves the desired result 
since, by definition of 9, this interval consists of those c in the open interval with 

endpoints c° and - A such that 9 e (± - jf - |J < ± - |. 

To complete the proof, note that, by (11.61) . 6>_jv > $ implies that ^±A. an d 
and hence also c + A and a + A, have the same (nonzero) sign, so that c and 6 — p 
are strictly on opposite sides of —A. As in the proof of (i) above, but now by part 
(ii) of Theorem 15.21 with a and q replaced by c and r, respectively, it follows that 
W {a% P \ m *) ^ L r (R N ; \x\ c dx) when c is in the union of the closed interval with 
endpoints c and c with the open interval with endpoints c and —A, that is, the 
semi-open interval with endpoints c (included) and — A (not included), as claimed, 
(hi) Use part (iv) of Theorem 14. 7\ part (ii) of Corollary 16.21 and Lemma 16.31 
(iv) The argument is the same as in the proof of part (iv) of Theorem 18.31 □ 

10. Generalized CKN inequalities 

If W}£lf(R?) ^ L r (R N ; \x\ c dx), then r < max{p*,q} by Theorem O and c 
is in the closed interval with endpoints c° and c 1 by part (i) of Theorem 12.11 If, 
in addition ^ b ~P+ N ; ft was shown in Corollary 12.21 that the embedding is 
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accounted for by the multiplicative inequality 

(id) ll«llc,r<c||v«||^|Hii- fl ', 

with 9 C given by (Hill). When a,b,c > -N and u G Cg°(R N ), such inequalities 
coincide with some of the CKN inequalities proved in [6] . 

With no a priori limitation about a, b and c, but when p = q = r = 2, c = — 1 
-so that 9 C = i- and u G Cq°(R;J^), (| 1 . 1[) was recently obtained, by variational 
methods, by Catrina and Costa [7] (see also [5]), with best constant C. This does 
not imply (110.1)) for u G Wj^f (M.^), or that the best constant is the same; see 
Subsection 111.31 

The CKN inequalities also incorporate the limiting case — b ~^ +jv (when 
9 C in (jl.4p is not defined). It is therefore natural to ask whether the embedding 
Wj^lf (M^f ) L r (R JV ; |a;| c c?x) can be characterized by similar multiplicative in- 
equalities when = p + , so that c = c° (= c 1 ) is the only possible value. 

The next lemma is, roughly speaking, a "multiplicative" analog of Lemma 16.31 
Recall the definition (|6.1I) of the subspace Wo as well as the shorthand W ra d for 
the subspace of radially symmetric functions of Wj^f (M%f ) . 

Lemma 10.1. Let a, b, c G R and 1 < p, q, r < oo be given. If there is 9 G [0,1] 
smc/i iftai ||u|| c ,r < C||Vu||j p ||M||^ e /or every u G W ra d and every u G Wo, then 

\\u\\ c<r < CHVtillg^Hulli-* for every u G W$f(Vt?) after modifying C. 

Proof. Let u G W}£l? (M^) be given. Then it = u s + (u — u s ), where u s G W rac i 
and u — ug G Wo- By part (ii) of Lemma 13.41 ||us|| a ,<j < |M|a,g and ||i9pUs||b,p < 
||i9pM||b.p < ||Vu|| 6 . p . Since ||<9 p uslkp = ||Vtts||& jP , the inequality ||us|| C) r < 
CWVusWtJusWlJ yields ||u S || c , r < C\\Vu\\l p \\u\\l- e after modifying C. 

Also, ||tt-«s||o,g < IMkg + IKs||a,q < 2||u|| 0ig and 1 1 V(u - U S ) I \b,p < ||Vu||6 )P + 
||Vtts||6 lP < M||Vw||b.p for some M > independent of u. Thus, \\u — us\\ c ,r < 
CII^II&plMla^ after another modification of C. As a result, |M| c ,r < H^sllcr + 
||tt-« S ||cr<2q|V«||g )P ||«||i- e . ' □ 

Theorem 10.2. Let a, b G R and 1 < p, q, r < oo be such that ^±M. = b ~ p + N ^ 
and let c = c° = c . 

(i) If p < r < p* , there is a constant C > smc/i £/iat 

(10.2) |M| cV <C||V U || b , p , VuGWj^CKf). 

(ti^ If r = p = q or if p ^ q and min{p, q} < r < max{p,q}, there is a constant 
C > such that 

(10.3) |M| cV < CWVuWljuWl- 9 , Vu e W^lfiR?), 
where 9 — if ' r — p — q and 9 — ^( p Zq) tf P Q- 

Proof, (i) Use Lemma ["10.1l together with the inequality (|4.6p in part (iii) of Theorem 
14.71 and the inequality (|6.6p in part (ii) of Corollary 16.21 

(ii) Use Lemma 110.11 together with the inequality (|4.7[) in part (iv) of Theorem 
14.71 and the inequality (|6.7p in part (ii) of Corollary 16.21 □ 
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Remark 10.1. If ^ = b ~ p + N ^ and p < r < mm{p*, max{p, q}}, (MM> and 
Him) show that IMIcV < C||Vu||^||u||i- e for u £ W^ b f(R^) with 9 = 1 and 
with 9 = 9, where 9_ = r\p-q] P 7^ aan d 9 = if p = r = q. Hence, the inequality 
holds with 9 £ [9, 1] and so 9 is not unique if r > p ^ q or if r = p = q. This is 
actually trivial if r = q > p (because U0.3\) is trivial), but not in the other cases: 
p < r < q < p* or p < N and p < r < p* < q. 

Clearly, (jl0.2l) is an TV-dimensional weighted Hardy-type inequality, apparently 
new when q ^ p. It is proved in |22[ p. 309] when q = p, so that a = b — p =/= —N. 
When u £ Cfi°(R^), it was obtained earlier by Gatto, Gutierrez and Wheeden [5], 
who showed that p < r < p* is already necessary in that setting. A number of 
special cases of (| 10 . 2[) for various classes of smooth functions with compact support 
can be found in both the older and the recent literature ([10], [13], [28], among 
others). The inequality (|10.3p . meaningless when q = p, seems to be known only if 
a,b,c> -N and u £ C$°(R N ), when it is one of the CKN inequalities. 

By Corollary [2?2] the inequality (sharper than (|10.1jl ) 

\\u\\o,r<C\\d p u\\l :p \\u\\i- e % Wu£W { { lf } , 

holds if / h ~ P p N , c is in the closed interval with endpoints c° and c 1 and 

^{a'b} ^ L r (R N ; \x\ c dx). Necessary and sufhcient conditions for this embedding 
were given in Theorem l5.2l when r < min{p, q}, where it is also shown that W^'^j <— > 
L r (R N ; \x\ c dx) if = tzP±K ^ o, r = p (< q) and c = c° = c 1 . If so, it follows 
from part (iii) of Theorem 14.71 and from Lemma 15.11 that 

\\u\\ b - P , P <C\\d p u\\ b . p , Vuefgj. 

The only case when the embedding W}£jf(R?) ^ L r (R N ; \x\ c dx) is true but 
not equivalent to a multiplicative inequality arises in part (vi) of Theorem 11.11 when 
N > 2 (if u is radially symmetric, or N = 1, see (|4.8I) : 

Theorem 10.3. If q < r < p*, then W}^ 9 ^_ N} (R?) ^ L r (R N ; \x\~ N dx) but 

when N > 2, the inequality | |ri 1 1 tv,-t- < C 1 1 1 1 ^ iv y> 1 1 ^ 1 1 — g f a ^ s t° hold for every 

C > and every 9 £ [0, 1]. 

Proof. The embedding is part (vi) of Theorem 11.11 Also, the inequality can only 
hold if 6 = 6 := (l - f) (± + l) . This follows by choosing u(x) = g(\n \x\) with 
g £ (R) and by reversing the steps of the proof of part (v) of Theorem 14.71 (by 
[6], ([4TT0]) cannot hold with 9^9 when g £ C$°(R) is arbitrary). 

Next, if \\u\\- Nyr < C\\Vu\\ e p _ N J |u||^ g , the method of proof of Theorem^ 

with a = c = —N and b = p - N shows that 9 (± - ^ - |J < ± - |. Upon 

substituting the only possible value 9 = 9, a short calculation yields q(N — 1) > 
r(N — 1). If N > 2, this implies q > r, which contradicts q < r < p*. 

Consistent with Theorem 110.31 and its proof, it is easily verified that when a = 
b — p = c = —N, 9 = 9 and N > 2, Lemma 14 0.1 1 is not applicable because condition 
(i) of Lemma [6TTI fails, so that (|6.2[) cannot be used. □ 
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11. Examples 

11.1. Embedding of unweighted spaces into L r (R N ; \x\ c dx). We spell out the 
special case of Theorem 11.11 when a = b = 0. It is noteworthy that W 1, ^ q ' p \M.^) = 
W1,(?,p)(rJV) = {u G L q (R N ) : V« G {LP(R N )) N } if N > 2, with the same norm 
(see Remark 111.11 later - ) . At any rate, if a = b = 0, then 9 C in (|1.4[) is defined if 

and only if ± - £ _ 1 ^ , i.e., q ^ p* and then 6 C = (^f - |) (j - £ - i) _1 . 

Therefore, the condition ^cf^ _ ^ — — r ~ g m P ar t s CO an d (ii) °f Theorem 

HHis just c < 0. It follows that ^(^(Rf ) ^ L r (M JV ; |a:| c <fo;) if and only if 
r < max{p*, q} and one of the following conditions holds: 

(i) P < N, q ^ p* and c < is in the open interval with endpoints ^ — N and 

r ( N p P ^j — N (a nonempty set if r < max{p*,q}). 

(ii) p > N and either r < q and -A <c< — - N (< 0) or r > q and 
—N < c < 0. 

(iii) r = q and c = 0. 

(iv) p < N,p <r <p* and c = r (^p) - JV (< since r < p*). 

Since y = y — 1 implies p < N and q > p, part (v) of Theorem 11.11 coincides 
with (iv) above. Part (vi) of Theorem II .11 is not applicable. 

If r < min{p, q}, the conditions (i)-(iv) are necessary and sufficient for W 1, ^ q,p ^ 
L r (R N ; \x\ c dx), where W 1 '^ := Wh^f is unweighted (Theorem EM an the y 
take the simpler form (i) p < N, q ^ p* and c is in the open interval with endpoints 
- N and r ( y E f E ) ~ N (hence c < 0). (ii) p > N and -AT < c < ^ - N (< 0). 
(iii) q < p,r = q and c = 0. (iv) p < q,p < N,r — p and c = —p. 

When c = 0, the conditions become (i) p < N and r is in the closed interval with 
endpoints p* and q or (ii) p > N and r > q. This is of course well-known, especially 
when p = q. 

Remark 11.1. That ^'(^(Rf ) = W 1 '^'^ (R N ) with the same norm if N > 1 
can be seen as follows: First, it suffices to show that ifu G W 1 ^ q,pS> (R^) /ias bounded 
support, then u G Wbtari (rN) w uh the same norm. Now, ifu€ W 1 '^' p \R^ ) has 
bounded support, then u G W 1 '™*^ (Rf ) = W 1 > min {? , >«>(]R Ar ), /or e:rampZe by [TTJ 
p. 52]. Thus, as a distribution on R , Vit is a function, so that its restriction to 
R^ coincides with Vu as a distribution on R^. Since the latter is in (L q (M. N )) N , 
the same thing is true of the former, which proves the claim. 

11.2. Embedding of weighted spaces into L r (R N ). The necessary and suffi- 
cient conditions for W}^i P '{R^) M> i r (M Ar ) are given by Theorem 11.11 with c = 0. 

If go, fl = ^ _ s^j (S=£t^ - 2±*) ~* in (TOD when £±£ ^ and these 

conditions become (after some work) r < max{p* , q} and 

(i)-(ii) Either -N < a < N (f - l) ,6 > p + iV (f - l)and a (2 - 1 + < 
b (2 - 1) , or a > AT (2 - 1) ,b < p + N (2 - l) and a (f - 1 + £) > 6 (f - l) . 

(iii) r = q and a = 0. 

(iv) p < r < p*, 6 = p + A (2 - 1) (< p) and a > -iV. 

(v) r > min{p, g}, a = AT (2 - l) and b = p + N (2 - l) . 
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In (i)-(ii) above, the condition 9q ^~ — jj — |J < ~ — i is accounted for by 

a — 1 + < & (2 — 1J or its reverse, as the case may be. By Remark 11.11 
this condition holds if r < min{p*,g}, which of course is corroborated by a direct 
verification. 

11.3. Embedding when p = q. If p = q, then r < ma.x{p*,q} is simply r < p* 
and S±K ± tz£±K if an d only if a ^ b-p. The condition c (±-i-i) < I — I 

in parts (i) and (ii) of Theorem 11.11 becomes 8 C > ^ — ^, which is not a restriction 
when r < p. Also, part (v) is now a special case of part (iv). 

If, in addition, p — q = r, Theorem l5.2l is applicable to the larger space Wl^f 1 - 

Furthermore, c° = a and c 1 = b — p and so W^jj. Z^R^; |a;| c (ix) if and only 
if either (i) a and b — p are on the same side of — N, not both equal to — N, and c is 
in the closed interval with endpoints a and b — p or (ii) a and 6 — p are strictly on 
opposite sides of —N and c is in the semi-open interval with endpoints a (included) 
and — N (not included). These are also necessary and sufficient conditions for 
Wl^ b f(R?)^U>(R N -,\x\ c dx). 

When p = g = r = 2andc=2±6-l, it follows from ;? that Cg° (Kf ) 
Z, 2 ^; |x| c d2:), unless a = 6 - 2 = -JV. If (for example) a < -JV and b > -a + 
2 — 2N, then b — 2 > —A, so that a and 6 — 2 are on opposite sides of — N but, 
since c = — 1 > — iV, condition (ii) above does not hold and so W}^y(SL^) is 
not continuously embedded into L 2 (M. N ; \x\ c dx). This shows that C l J D (K^ r ) is not 
dense in Wj^f\M.^). Accordingly, in general, embedding (or other) inequalities 
for W^ ( lf(R^) cannot be proved by confining attention to C£°(Rf ). 

11.4. A generalization. Let B C M. N be an open ball centered at the origin. 
If the space {u G W}£ffl(HL*) '■ Suppu C B} is continuously embedded into 
L r (R N ; \x\ c dx), it is also continuously embedded into L r (R N ; \x\ d dx) when d > c. 
Likewise, if {u G W}^^(M^) : Suppu C M. N \B} is continuously embedded into 

L r (M. N ; \x\ c dx), it is also continuously embedded into L r (Ht N ; \x\ d dx) when d < c. 

With this remark and a cut-off argument, Theorem 11.11 can be extended to 
more general weighted spaces. Let x\,...,Xk G 1^ be distinct points and let 
oi, dfc, Ooo, bi, 6fc, boo G R and l<f<P, q < oo be given. For a,b G R, 
call J(a,&) := {c e R : wM^ p) (Rf) ^ L r (l N ; |a;| c <iz;)} the interval of admis- 
sible c characterized in Theorem 11.11 with endpoints c_(a, b) < c+(a, b) and let 
Ci, Cki Coo be such that Cj > c_(aj,&j),l < i < k and Coo < €+(000,600) (the 
endpoints may be included if they are in the admissible interval) . If w a , Wb anc0 
w c are positive weights on R iV \{a;i, ...,£&} such that w a (x) = \x — £i| ai , Wb(x) — 
\x — Xi\ bi , w c (x) = \x — j Ci for 2; near 2^, i = 1, fc and w a (x) = \x\ a °° , uif,(ir) = 
a;| b =° , w c (a;) = |x| c =° for large \x\, then the space W}^' 1 ^ \ (R N \{xi, Xk}) := 

{w € Lj 0C (M' w \{xi,...,x i i,}) : u G L'fR*; tu (a;)da;), Vu e {R N ; w b (x)dx)) N } is 
continuously embedded into L r (R. N ; w c (x)dx). 

A somewhat heuristic but compelling reason why such conditions should be 
optimal is simple: As pointed out above, the membership to L r (M. N ; \x\ c dx) of 



^Here, a, b and c are just indices. 
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functions with support in a closed ball B about the origin is unaffected by increasing 
c. Thus, the value of the upper end c+(a, 6) can only be dictated by the behavior 
of functions with support bounded away from 0. The optimality of the lower end 
c_(a, b) is justified by a similar argument. However, this rationale is meaningless 
when J(a,6) = 0. If so, the simplest way around the difficulty is to rely on the 
related fact that for functions with support in B, membership to (R^f ) is 

unaffected by increasing a or 6, so that doing so until J(a, b) becomes nonempty can 
be used to define c_(a, b). Likewise, a or b can be decreased to define c+(a, b). This 
may or may not produce the best possible conditions. Due to space limitations, a 
more detailed investigation of the optimality issue by more sophisticated procedures 
(elaboration on Remark |4.3[) will not be attempted here. 

Naturally, the weights need only to "look like" (not coincide with) power weights 
in the vicinity of the points Xi (or infinity). This remark clarifies two things. First, 
w a ,Wb and w c need actually not have power-like singularities at the same points: 
This case is reduced to the previous one by adding points as needed and setting 
the corresponding ai,bi or a equal to 0. Next, the cut-off argument is technically 
simplified, and nothing is changed, if it is assumed that w a (x) = \x— x\ | Qo ° , u>b(x) — 
\x — xi\ baa , w c (x) = \x — xi| c °° for large \x\ (otherwise, the origin plays a technical 
role even when it is not one of the points Xi ) . Theorem 11.11 is recovered when 
k = 1, x\ = and a x = a 00 ,b 1 = b 00 ,c 1 = Coo. 

If only k = 1 and x\ — 0, Theorem l4.7l too can be generalized to obtain the em- 
bedding of the subspace W ra d of radially symmetric functions in W}^'^ h y(M^) into 
L r (R N ; w c (x)dx) under the conditions c\ > c™ d (ai,&i) and c, x < c r ^ d, (a 00 ,b 00 ), 
where c™ d (a, b) denote the endpoints of the admissible interval in Theorem 14.71 
Once again, cH ad (ai, b\) and c 7 ^ Ld (a o, boo) may be included if they are in the admis- 
sible interval and they can also be defined when the admissible interval is empty. 

When 1 < p = q < N and Wf, = 1 (so that b\ — b^ = 0), the embedding 
into L r (R N ; w c (x)dx) of the closure C ra d of the space of radially symmetric func- 
tions in Cq°(R n ) n LP(R N ;w a (x)dx) equipped with the W^'*}(R?) norm, has 
recently been investigated by Su et al. [351 Theorems 1 and 2]. They assume 
that ai, ci, cioo, Coo are given and find the admissible values of r under the implicit 
assumption r > p. The reformulation in terms of lower (upper) bounds about c\ 
(coo) given ax^a^o and r is conceptually trivial, but quite messy and technical in 
practice. Accordingly, we shall not elaborate beyond the remark that, because C ra d 
is usually smaller than Wrad, the embedding may be true under conditions more 
general than c\ > cH ad (ai,l) and Coo < c™ d (aoo,l)- On the other hand, the case 
< r < p and all others (p = l,p> N,q ^ p,b\ ^ 0, b^ ^ 0) can be handled by 
the method outlined above. 
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